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1. Introduction

A conventional way to compare two manifolds is by defining smooth maps from one manifold to
another. One such map is submersion, whose rank equals to the dimension of the target manifold.
Riemannian submersion between Riemannian submanifolds were first introduced by O’ Neill and Gray
[1,2]. Later many authors studied different geometric properties of the Riemannian submersions [3],
semi-slant submersions [4-6], hemi-slant submersions [7-9], semi-invariant submersions [10-12], anti-
invariant submersions [13-15].

On the other hand, Friedmann et al. defined the concept of the semi-symmetric non-metric con-
nection in a differential manifold [16]. Hayden studied metric connection with torsion a Riemannian
manifold [17]. Later, Yano investigated a Riemannian manifold with new connection, which is called a
semi-symmetric metric connection [18]. Afterwards, Agashe et al. studied semi-symmetric non-metric
connection (SSNMC) on a Riemannian manifold [19]. Many author have studied semi-symmetric
connection [20-26].

Let M be differentiable manifold with linear connection V. Therefore, for all K, L € T'(T'N), we
get

T(K,L)=VgL-V K- [K,L],

where T is torsion tensor of V. If the torsion tensor 7" = 0, then the connection V is said to be
symmetric, otherwise it is called non-symmetric. Moreover, for all K, L € I'(T'N), the connection V

is said to be semi-symmetric if
T(K,L) =n(L)K —n(K)L

where 7 is a 1-form on N. However, V is called metric connection if Vg = 0 with Riemannian metric
g, otherwise it is said to be non-metric.
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In [27], Akyol and Beyendi studied the idea of Riemannian submersion with SSNMC. They inves-
tigated O’Neill’s tensor fields, obtain derivatives of those tensor fields and compare curvatures of the
total manifold, the base manifold and the fibres by computing curvatures.

The main purpose of this paper is to investigate geometry of semi-invariant Riemannian submersion
from a Kaehler manifold with SSNMC to a Riemannian manifold.

2. Preliminaries

Definition 2.1. Let F : (N", gn) — (B® gg) be a submersion between two Riemannian manifolds.
Then, F' said to be Riemannian submersion if

1. F' has maximal rank.
7. The differential F} preserves the lenghts of horizontal vectors.

On the other hand, F~1(k) is an (n — b) dimensional submanifold of N, for each k € N The
submanifolds F'~!(k) are called fibers. Moreover, vector fields tangent to fibers are called vertical and
vector fields orthogonal to fibers are horizantal. A vector field X on N is called basic if X is horizontal
and F, X, = X (o for all ¢ € N. We determine that V and H define projections ker F and (kerF,)™*,
respectively.

On the other hand, a Riemannian submersion F' : N — B determines tensor fields 7" and A on N
such that,

T(E,F) = TgF = HVyzVF + VVypHF, (1)
M M
A(E,F) = ApF = VW3 s HF + HV 3z VF (2)
for any E,F € I'(TM) (see [1]). By virtue of (1) and (2), one can obtain

VoW =Ty W + VyW (3)

Vi X =Ty X +H(Vy X) (4)

ViV =V(VyV)+ AxV (5)

VyY = AxY + H(VyY) (6)

for all V,W € I'(kerF,) and X,Y € I'((ker F,)*). Further, if X is basic, then
H(Vy X) = AxV (7)

On the other hand, let N, B be two Rieamannian manifold and F' : N — B is a smooth map.
Therefore, the second fundamental form of F' is expressed by

(VE(K,L) = Vi F,L — Fy(V L) (8)

for K,L € I'(T'N). Moreover, 7 is said to be a totally geodesic map if (VF,)(K,L) = 0 for K,L €
I'(TN) [28].
Now, we recall the definition of Kaehler manifold. Let N be a Hermitian manifold with respect
Hermitian structure (.J, g) such that
J?=—1 (9)

and
g(E,F)=g(JE,JF) (10)

for all £, F € I'(T'N),where g(JE,F) = —g(E, JF).
A Hermitian manifold is called Kaehler manifold if

VJ =0 (11)
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On the other hand, we define a linear connection V on Kaehler manifold N such that

VeF =VgF +n(F)E (12)

where E, F € I'(T'N), V is a Levi-Civita connection on N and 7 is a 1-form with the vector field P on
N by
n(E) =g(E, P)

By virute of (12), we arrive that

T(E,F)=n(F)E—n(E)F

and
(Veg)(F,K) = —n(F)g(E, K) — n(K)g(E, F)

where T is torsion tensor of V. Then, V defined a semi-symmetric non metric conection with (12).
Let N be a Kaehler manifold. We using (12), for all K, L € T'(T'N), we get,

(VkJ)L = VgJL—JVkL
= VgJL—n(L)K — JVgL+n(L)JK
Then, using (11) we obtain, N
(V)L = n(L)JK — n(L)K (13)
Now, we call O’Neill’s tensor fields for SSNMC [27]. For all K, L € T'(T'N), we have,

TxL = TxL + n(hL)vK

and B
AgL = AgL+nwL)hK

Then, using last two equations, we obtain

VikL =TxL+vVkL (
VX =TkX +hVgX +n(X)K (15
VxK = AxK + vVx K + n(K)X (
VxY = AxY + hVxY (
where for all K, L € T'(kerF,), X,Y € I'((ker F,)*).

3. Semi-Invariant Riemannian Submersion

Definition 3.1. Let N and B be a Kaehler manifold and Riemannian manifold, respectively. Let
us assume that F' : N — B be a Riemannian submersion. Therefore, F' is called semi-invariant
Riemannian submersion if there is a distribution D C kerF, such that

kerF, = D1 ® Dy

and
JDy = Dy, JDy C (ker F,)*

where Dy is orthogonal complementary to Dy in kerF ( [12]).
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Example 3.2. Let F' be a submersion. We denote that

F: RS — R3
T1+x r3+T Ta+T
(71,22, 23, T4, T5, T6) (2, TTre TS )

V2 V2 V2

Then, it follows that

0 0 0 0 0
k F* = = - — -, = — — -, [
r 8pcm{V1 8.7}1 83:2 V2 8:63 (9%‘6 3 3.7}4 8.1‘5
and 0 0 0 0 0 0
k F* + == H - a5 a H - = a H‘ = — _—
(ker£2) spantH Oxq * dzy’ 7 Ox3 + O0xe 57 Dy + Oxs

Hence we have JVi = =V, JVo = Hs and JV3 = —H,. Thus it follows that D; = span{V;} and
Dy = span{Hs, H3}. On the other hand, we arrive that,

grs (FyxHo, F Hy) = gge(Ha, Hy), ggrs(FiHs, FLH3) = gre(H3, H3)

where ggs and gge determine metrics of R? and R®, respectively. Then, F is semi-invariant Riemannian
submersion.

Let F : (N,J,g) — (B,g) be a semi-invariant Riemannian submerion such that N and B are
Kaehler manifold and Riemannian manifold respectively. For all K € I'(T'N), we write

E=VE+HE

where VE € T'(kerF,) and HE € T'((ker F,)*). Then, for all K € T'(kerF.), we write

JK = ¢K + wK (18)

where oK € I'(D;) and wK € I'(JD2).
Since F' is a semi-invariant Riemannian submersion, we can determine

(ker F,)t = JDy @ p

where J Dy and p are complementary to each other. Similarly, 2 € I'((ker F})1), we get

JX = BX +CX (19)
where BX € I'(D3) and CX € I'(p).

4. Geometry of Distributions

We note that, for brevity we use a abbreviation ” F' is a semi-invariant Riemannian submersion with
SSNMC” for F': (N, J,g) — (B, g) be a semi-invariant Riemannian submersion from Kaehler manifold
with SSNMC M and Riemannian manifold N.

Theorem 4.1. Let F' be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution D; is integrable if and only if we have

958(F.(TyBZ + hNyCZ), F.(wU)) — gg(F.(TyBZ + hNyCZ), Fy(wV)) = gn(NVuBZ+TyCZ,¢V)
—gn(WVyBZ + Ty CZ, ¢U)

for all U,V € T'(D;) and Z € I'(Ds).
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PRrROOF. Firstly, we using (10) and (13). For all U,V € I'(D;) and Z € I'(D3), we arrive that
an(VuV, 2) = gn(Vu IV, T Z) (20)
By virtue of (13) and (20), we get,
an([U. V], Z) = gn(Vu IV, T Z) — gn(VyJU, JZ)
After some calculations, we conclude,
an([U. V], 2) = —gn(JV,VuJ Z) + gn(JU, Vv Z)

We know that F' is a semi-invariant Riemannian submersion, by virtue of (19), (14), (15) and (18),
we conclude that,

gNv(U V], Z) = —gn(¢V,oNuBZ +TyCZ) — gn(wV,TyBZ + hNyCZ) — n(CZ)gn(JV, U)
+gn (U, vVyBZ + Ty CZ) + gy (wU, Ty BZ + hVyCZ) + n(CZ)gn(JU, V)

which gives proof. O

Theorem 4.2. Let F' be a semi-invariant Riemannian submersion with SSNMC . Therefore, the
distribution Dy is integrable if and only if we have

98(Fu(Tz0U + hV zwU), F(JW)) = g5(Fu(Tw ¢U + hVwwU), F.(J Z))
for all U € I'(Dy) and Z,W € I'(D3).
PROOF. By virtue of (12), (10) and (13), we get
an([Z, W), U) = gn(V2JW, JU) — gn(Vw I Z, JU)
for all U € I'(Dy) and Z,W € I'(D3). Therefore, we conclude
gn([Z, W], U) = —gn(JW,N 2JU) + gn(JZ, Viy JU)
Then, using (18), (14) and (15), we arrive,
gN([Z. W), U) = —gn(JW, Tz6U + hV zwU) + gn(J Z, Tw ¢U + hVywU)
which proves assertion. ]

Theorem 4.3. Let I’ be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution D7 defines a totally geodesic foliation on NV if and only if we have

F.(VyJV) € T()
and

98(Fu(TyoV), Fu(CX)) + gp(Fu(hVywV), F.(CX)) = gn(@VyeV + TywV, BX)
+gn (U, BX)n(wV)

for all U,V € I'(D1), Z € T'(D3) and X € I'(ker F;-).

PrOOF. We know that, D; defines a totally geodesic foliation on M if and only if gN(%UV, Z)=0
and gn(VyV, X) =0, for all U,V € T'(Dy), Z € T(D3) and X € T'(ker Fi1).
Then, using (13) and (10), we get,

an(VuV, Z) = gn (Vo V, T Z)
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Since E = VE +HE, for all E € I'(T'M), we have
aN(VuV,Z) = gn(HV IV, T Z)

Therefore, F' is a semi-invariant Riemannian submersion and character of F', we arrive that,

aN(VuV, Z) = gp(F.(HVyJV), F.(J Z))

Moreover, using (13) and (10), we get
gv(VoV, X) = gn(Vu V. JX)

By virtue of (14) and (15), we get

an(VoV, X) = gn(TudV + hVywV,CX) + gn (0Vy¢V, BX) + n(wV)gn (U, BX)
or
gn(VuV, X) = gp(F.(TyV + hVywV), F.(CX)) + gu(vVu gV, BX) + n(wV)gn (U, BX)

which gives our assertion. O

Theorem 4.4. Let F' be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution Do defines a totally geodesic foliation on IV if and only if we have

95(F.(TzBX),F,(CX)) + g5(F.(hV zCX),F.(CX)) = —gny(vV zBX + TzCX,BX) — n(CX)gn(Z, BX)
and

98(Fu(TzU), F,(CW)) 4 g5(Fy(hV zwU), F,(CW)) = gn (V50U 4 TzwlU, BW)
+9n(Z, BW)n(wU) = gn(Z, oU)n(wW)

for all Z,W € I'(Ds),U € T'(Dy) and X € I'(ker Fi-).
PROOF. For all Z,W € I'(Ds), X € I'(ker F), using (10), and (13), we conclude,
an(VZW, X) = gn(V2JW, JX)
Then, from (19), (14) and (15), we have,
gn(V2W, X) = gn(TyBX + vV BX + T;CX + hV,CX +1(CX)Z, BX + CX)
We know that F' is semi-invariant Riemannian submersion, we conclude,
gn(V2W, X) = gp(F.(TyBX + hV 2CX), F.(CX)) + gn (vV 2 BX + T;CX, BX) +1(CX)gn(Z, BX)
Moreover, for all Z, W € I'(Ds),U € I'(Dy), using (10), and (13),
gn(VZzW,U) = —gn(JW,V 2JU)
By virtue of (19), (14) and (15), imply that
gn(VzW,U) = —gn(BW + CW, Tz¢U + vV 26U + TzwU + hV zwU + n(wU) Z) — n(JW )gn(Z, JU)
Since F' is semi-invariant Riemannian submersion, we arrive,

gN(VzW,U) = —gp(F(Tz¢U + hV zwU), F,(CW)) — gn(BW, vV 20U + Tzwl)
—n(wU)gn(BW, Z) — n(wW)gn(Z, ¢U)

which give proof. O
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Corollary 4.5. Let F be a semi-invariant Riemannian submersion with SSNMC. Therefore, the fibers

of F' are the locally product Riemannian manifold of leaves of Di and Dy if and only if

F*(%UJV) € F(M)a

98(F(TyoV), Fu(CX)) + g5 (Fu(hWywV), F.(CX)) = gn(wVueV + TywV, BX)
+9n5 (U, BX)n(wV)

and
9B(F.(TzBX), F.(CX))+gp(F.(hV zCX), F.(CX)) = —gn(vV zBX+T7CX, BX)—n(CX)gn(Z, BX)

95(Fu(Ty0U), F.(CW)) + gg(Fu(hV zwl), F(CW)) = gn(vVz0U + TzwU, BW)
+9n(Z, BW)n(wU) — gum(Z, U )n(wW)

for all U,V € I'(Dy), Z,W € I'(D3) and X € T'(ker F-).

Theorem 4.6. Let F' be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution ker Fi- is integrable if and only if we have

AyCX — AxCY +vVyBX —oVxBY ¢ (D)
and

95(F.(Ay BX), F.(wZ)) + gp(F.(hVyCX, F.(wZ)) = —gn(VyBX + AyCX,$Z)
+n(X)gn (Y —wY,wZ) = n(Y)gn (X — wX,wZ)

for all X € T'(ker Fi*),Z € I'(Ds) and U € I'(Dy) .

ProoF. We using (12), (10) and (13), for all X,Y € I'(ker F;*),U € T'(Dy), we have
gn (X, Y],U) = gn(VxJY, JU) — gn(Vy I X, JU)
Then, using (19), (16) and (17), we arrive,
gn([X,Y],U) = —gn(—vVxBY — AxCY +vVyBX + AyCX, U)
Moreover, for Z € I'(D3), by (12), (10) and (13), we get

an([X,Y),Z2) = gn(VxJY,JZ) —n(Y)gn(X — JX,JZ)
—gn(Vy JX, JZ) +9(X)gn (Y — JY, JZ)

Therefore, by virtue of (18), (15) and (16), we conclude that

gnv(X,Y],Z2) = —gn(AyBX +hVyCX,wZ) — gn(vVyBX + AyCX, ¢Z)
—n(Y)gn(X —wX,wZ) +n(X)gn (Y —wY,wZ)

On the other hand, F' is semi-invariant Riemannian submersion, therefore we get,

gn(X,Y),Z2) = —gp(Fu(AyBX +hVyCX), F,(wZ)) — gn(vVyBX + AyCX, $Z)
—n(Y)gn(X —wX,wZ) + n(X)gn (Y — wY,wZ)

which conclude proof. ]
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Theorem 4.7. Let F be a semi-invariant Riemannian submersion with SSNMC . Therefore, the
distribution ker F- defines a totally geodesic foliation on N if and only if we have

vWxBY + AxCY € T'(Dy)

and
gB(F*(hVXCY), F*(’UJZ)) = —gN(AxBY, JZ)

for all X,Y € T'(ker FH),U € T'(D1) and Z € T'(Dy).
Proor. We using (10), (13) and (19), for all X,Y € I'(ker F*),U € T'(Dy), we have
gn(VxY,U) = gn(VxBY, JU) + g (VxCY, JU)
Therefore, using (15), (16) and (10), we arrive
gn(VxY,U) = —gn(J(vVx BY + AxCY),U)
Moreover, for Z € I'(D3), using (10), (19),(16) and (17), we conclude,
gn(VxY, Z) = gn(AxBY + vV xBY +n(BY)X + AxCY + hV xCY, JZ)
Also, character of F', we obtain
gn(VxY, Z) = gg(Fu(hV xCY), F.(wZ)) + gn(Ax BY, J Z)
which completes proof. O

Theorem 4.8. Let I’ be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution ker F}, defines a totally geodesic foliation on N if and only if we have

vWiL+ TgwL +n(wL)E € T'(Dy)
and

95(F.(Tx$L), F(CX)) + gp(F(hVgwL), F,(CX)) = —gn(wVk4L, BX) - gn(TxwL, BX)
—n(¢L)gn (K, BX)

for all K,L € I'(ker F}) and X € I'(u).

PrOOF. We know that ker F denote a totally geodesic foliation on N if and only if gN(%KL, X)=0
and gnv(ViL,JZ) =0 for all Z € I'(D3), K,L € I'(ker Fy) and X € I'(u).
Then, by (10), (13) and (18), we get

gn(VKL, X) = gn(VkoL, JX) + gy (ViwL, JX)
Therefore, using (14), (15) and (19), we have
an (Vi L, X) = gn(wVi L + TgwL + n(¢L)K, BX) + gn (T L + hV gwL, CX)
We know that F' is semi-invariant Riemannian submersion, we arrive
gN(VKL,X) = gn(vV oL + TgwL + n(¢L)K, BX) + gp(Fu(Tx ¢ L + hV gwL), F.(CX))
Moreover, from (10), (13) ,(18), (14) and (15), we obtain,
gN(ViL,JZ) = gn(vViL + TxwL + n(wL)E, Z)

which give proof. O
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Corollary 4.9. Let F' be a semi-invariant Riemannian submersion with SSNMC. Therefore, the total
space M is a locally product manifold of the leaves of ker F- and ker F, if and only if

and

vWxBY + AxCY € T(Dy),

9(F(hN xCY), Fu(wZ)) = —gn(AxBY, JZ)

oV L+ TwL +n(wL)E € T(Dy),

9B(Fu(TidL), F.(CX)) + gp(F(hWxwL), F.(CX)) = —gn(vVkoL, BX) - gn(TxwL, BX)

—n(¢L)gn(K, BX)

for all X,Y € T'(ker ), K, L € T'(ker F,) and Z € I'(Dy).

5. Conclusion

Riemannian submersions and SSNMC have an important application for many sciences such as physics

and

mathematical physics. Researchers have increased studies on this field from different areas in

recent years. In this paper, the idea of examining Riemann submersion with different connections is
emphasized. We defined and studied Riemannian submersions with SSNMC for the first time. We
investigated geometry of foliatons with SSNMC. The works on this subject will be useful tools for the
applications of Riemannian submersion with different connections.
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