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ABSTRACT. In the present paper we introduce and study Orlicz lacunary con-
vergent triple sequences over n-normed spaces. We make an effort to present
the notion of g3-ideal convergence in triple sequence spaces. We examine
some topological and algebraic features of new formed sequence spaces. Some
inclusion relations are obtained in this paper. Finally, we investigate ideal
convergence in these spaces.

1. INTRODUCTION AND PRELIMINARIES

Several authors involving Duran [16], King [32], Lorentz [38], Moricz and Rhoades
[46], Schafer [57] have worked the space of almost convergent sequences. The no-
tion of strong almost convergence was considered by Maddox [39]. In [40], Maddox
defined a generalization of strong almost convergence. Related articles with the
topic almost convergence and strong almost convergence can be seen in [3[8H1553].

In 1922, Banach defined normed linear spaces as a set of axioms. Since then,
mathematicians keep on trying to find a proper generalization of this concept. The
first notable attempt was by Vulich [60]. He introduced K-normed space in 1937. In
another process of generalization, Siegfried Gahler [20] introduced 2-metric in 1963.
As a continuation of his research, Géhler [21] proposed a mathematical structure,
called 2-normed space, as a generalization of normed linear space which has been
subsequently worked by many researchers [2226],33},/35]41},45|.

In order to extend convergence of sequences, the notion of statistical convergence
was given by Fast [17] for the real sequences. Afterward, it was further researched
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from sequence point of view and connected with the summability theory (see |5l
7,18L131},42-441|47]) and has been generalized to the thought of 2-normed space by
Giirdal and Pehlivan [27]. Recently, Alotaibi and Alroqi [1] extended this concept
in paranormed space. The concept of paranorm is a generalization of absolute value
(see [48]). We can refer to [|4,/34] which are connected with this topic. The studies
of double and triple sequences have seen rapid growth. The initial work on double
sequences was establised by Bromwich |6]. The concept of regular convergence for
double sequences was introduced by Hardy [29]. Quite recently, Zeltser [61] in her
Ph.D thesis has essentially studied both the theory of topological double sequence
spaces and the theory of summability of double sequences. Recently, Mursaleen and
Edely [50] and Sahiner et al. [58] considered the idea of statistical convergence for
multiple sequences. Fridy and Orhan [19] defined the concept of lacunary statistical
convergence. The double lacunary statistical convergence was worked by Patterson
and Savag |55]. For details about definition of sequence spaces, Orlicz sequence
spaces and paranormed spaces one can see [37(511[54L(56].

Since sequence convergence plays a very significant role in the essential theory
of mathematics, there are many convergence notions in summability theory, in
classical measure theory, in approximation theory, and in probability theory, and
the relationships between them are examined. The concerned reader may consult
Giirdal et al. [26], and Hazarika et al. [30|, the monographs [2| and [49] for the
background on the sequence spaces and related topics. Inspired by this, in this
chapter, a further investigation into the mathematical features of triple sequences
will be made. Section 2 recalls some known definitions and theorems in summability
theory. In Section 3, we study the concept of Musielak-Orlicz lacunary almost and
strongly almost convergent triple sequences over n-normed spaces and introduce the
notion of gz-ideal convergence in a paranormed triple sequence spaces, where the
base space is an n-normed space. In addition we investigate some topological and
algebraic features of newly formed sequence spaces. In addition to these definitions,
natural inclusion theorems shall also be presented.

Now we remind the n-normed space which was determined in 23| and some
definitions on n-normed space (see |28]).

Definition 1. Let n € N and X be a real vector space of dimension d > n (Here

we allow d to be infinite). A real-valued function ||.,...,.|| on X™satisfying the sub-
sequent four features

(1) |lz1, 22y ooy xnl] = 0 iff @1, 22, ..., zy, are linearly dependent;

(i) ||z1, @2, ..., Ty s invariant under permutation;

(141) ||x1, T2y ooy Bne1, axy|| = || |21, 22, vy Tne1, Tnl|, for any a € R;

() ||z1, 22y ooy Bn—1,y + 2|| < |21, @2, ooy 1, Y| + |21, T2y ooy T, 2
is called an n-norm on X and the pair (X, ||.,...,.||) is called an n-normed space.

It is well-known fact from the following corollary that m-normed spaces are ac-
tually normed spaces.



ORLICZ-LACUNARY CONVERGENT TRIPLE SEQUENCES 583

Corollary 1. ( [25]) Every n-normed space is an (n — r)-normed space for all
r=1,...,n— 1. Especially, every n-normed space is a normed space.

Example 1. A standard example of an n-normed space is X = R"™ equipped with
the n-norm is

lz1, 22, ..oy 1, Tnl| := the volume of the n-dimensional parallelepiped spanned
by x1,%o,...;Tp_1,Ty in X.
Observe that in any n-normed space (X, |.,...,.||) we acquire

|21, 22,y X1, xn|| >0
and
|21, 22, ooy 1, n|| = |21, T2, ooy 1, T + 121 + oo+ Q1T —1 ||
for all z1,xs,...,z, € X and ay,...,a,_1 € R.

Definition 2. A sequence (xy) in an n-normed space (X, ||.,...,.||) is said to con-
vergent to an l € X if

lim ||$k — 1,91, 92, -~-ayn—1|| =0
k—o0

fO’F every Y1,Y2, -, Yn—1 € X.

Definition 3. A sequence (xy) in an n-normed space (X,||.,...,.||) is called a
Cauchy sequence if
lim ||Ik — T, Y1,Y2, "'7yn—1|| =0
k,l—o00

for every y1,y2, ..., Yn—1 € X.

By the convergence of a triple sequence we mean the convergence in the Pring-
sheim sense, i.e. a triple sequence x = (z;;;) has Pringsheim limit ¢ (indicated by
P —limx = §) provided that given € > 0 there is n € N such that |z, —&] < ¢
wherever i, j, k > n, (see |58]). We shall denote more briefly as P—convergent. The
triple sequence « = (z;j%) is bounded if there is K > 0 such that |z;;| < K for all
i, 7 and k.

Definition 4. A subset K of N is called to have natural density 63(K) if

B . | Kt

exists, where the vertical bars signify the number of (n,k,l) in K such that p < n,
g <k, r <. Then, a real triple sequence & = (xpqr) is named to be statistically
convergent to £ in Pringsheim’s sense provided that for every e > 0,

03 ({(n7k7l) e N’ p<n,q<kr<li, |$Cpqr_f| 25}) =0.
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Statistical convergence was further generalized in the paper [36] utilizing the
notion of an ideal of subsets of the set N. We say that a non-empty family of sets
Z C P(N) is an ideal on N if 7 is hereditary (ie. B C A€ I = B €7 ) and
additive (i.e. A, B € T implies AUB € ). An ideal Z on N for which 7 # P (N) is
named a non-trivial ideal. A non-trivial ideal Z is named admissible if Z includes all
finite subsets of N. If not otherwise stated in the sequel Z will signify an admissible
ideal. Let Z C P (N) be any ideal. A class F(Z)={M Cc N:JA e T: M =N\A4}
named the filter connected with the ideal Z, is a filter on N.

Definition 5. Let Z be an admissible ideal on N and x = (x) be a real sequence.
We say that the sequence x is T-convergent to & € R provided that for each € > 0,
the set A(e) ={keN: |z & >} €.

Take for Z the class Z; of all finite subsets of N. Then Z; is a non-trivial
admissible ideal and Zg-convergence coincides with the usual convergence. For
more information about Z-convergent, see the references in [52].

Definition 6. ( [59]) Let I3 be an admissible ideal on N3, then a triple sequence
(xjk1) is named to be I-convergent to & in Pringsheim’s sense if for every € > 0,

{(G k) €N : |2y — €| > e} € T,
In this case, one writes I3-limx;p; = &.

Remark 1. (i) Let Z3 (f) be the family of all finite subsets of N3. Then I3 (f)
convergence coincides with the convergence of triple sequences in [58)].

(it) Let I3 (8) = {A C N3 : 65 (A) = 0} . Then I3 (8) convergence coincides with
the statistical convergence in [5§].

2. MAIN RESULTS

Following the above definitions and results, we aim in this section to introduce
some new notions of Orlicz lacunary convergent triple sequences and g3-ideal conver-
gence over n-normed spaces. In addition to these definition, also some topological
and algebraic properties of newly formed sequence spaces have been established.

A triple sequence x = (x;;) of real numbers is called to be almost convergent
to a limit £ if

a+p—1p+qg—1v+r—1

lim Z Z Z Tijk — =0. (1)

P,q,r—>00 r
aB'y>O pq i—a

In this case, £ is called the f3-limit of x and the space of all almost convergent
triple sequences is denoted by f3,

f3 = {x = (xiyjr) : lm  |hpgrapy () — €] = 0, uniformily in a,ﬁ,’y} ,

p,q,v—
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where

hpqm{ﬁ'y ( )

(p+ )(Q+1 ) (r+1) ZZZCEH’O‘JJrﬁkJr’y

=0 j=0 k=0
The set of all strongly almost convergent triple sequences is denoted by [f3].

Let M = (Myn0) be a Musielak-Orlicz function, © = (tmne) be a triple sequence
of positive real numbers and p = (pmno) be a bounded sequence of positive real
numbers. We indicate the space of all sequences defined over (X, ||., ..., .||) by w(n—
X). Now we itendify the following sequence spaces for some p and for every nonzero
Y1,92, s Yn—1 € X

[M,u, F,p,|.,.., Il ={x € win — X) :
— Pmno
hmp»‘]ﬂ"—)OO Z [umnoano (‘ %M,yl, ...,yn_1H>j| = O,

m,n,0=1,1,1

uniformly in a, 8,7 > 1}

and
[M,u, [F],p,]- -] = {z € win — X) :

0,000,000

: — _ Pmno
limp g,r—o0 Z [umnoano (hpqraﬁ'y (H %7 Y1y -5 Yn—1 H)>:| =0,

m,n,0=1,1,1

uniformly in a, 8,7 > 1},

where hpgrapy(z) is defined as in (I). We write [M, u, [F],p, ||.,...,.|[] = limz = &.
Also we have
My, [F] [y ey ] C MG uy By py ||y ooy |l C M0, €0y ||y ooy -]
holds from the inequality:
q T
BT ETD 2 2 2 (Tita,j+8,kry—E)
_ GO DFD 2 2 i
’ %%M7y17"'7yn71“ = S ;k - yYls -5 Yn—1

q T
1+ay+ﬁ bty —&
< (p+1)(q+1 (r+1) . Z Z §

s YLy ey Yn— 1H hpqrozﬁ’y (H » yYly ooy Yn— 1”)
Furthermore, the triple sequence 83 = 0, ,, - = {(my, Ny, 0-)} is called triple lacu-
nary sequence if there exist three increasing sequences of integers such that

mo =0, hy, =my, —Mmy_1 — 00 as v — 00,

ng =0, hy =n, —ny_1 — 00 as N — o0,
and

00=0, hy =0, —0,_1 — 00 as T — 0.

Let my,p,r = mynyor, by = hohyhs and I, , - is determined as follows:

Iy nr={(m,n,0) :my_1 <m < my,n;—1 <n<ny,ando,_; <o<o;},
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_ M _ My _
Sy = 787] - y S =
My—1 Np—1 Or—1

Let D € N x N x N. The number

and sy .- = 545,57

8% (D) = lim [{(m,n,0) € I, 4+ : (m,n,0) € D}|
UTT My,m, T
is named to be the 63-density of D, provided the limit exists.
The spaces of lacunary almost and strongly almost convergent triple sequences

in n-normed spaces are identified as follows:

[M,’U,, Fy, p, ||a ) ||] - {.13 € (xijk) € ’LU(?’I, - X) :
00,00,00 Pmno
hmvﬂ]ﬁ—mo Z UmnoMmno P Z Wﬂﬂv ---vyn—l) ]
m,n,0=1,1,1 U4 k€ oy
= 0, uniformly in a, 8,7 > 1}
and
M, (Fo] s [l ] = {2 € (i) € w0 — X)
00,00,00 Pmno
lim,, 1, T—00 hvln - Z Z |:umnoano (%Ma Yty -y yn71> ]

4,5,k€lunr m,n,0=1,1,1
= 0, uniformly in «, 5,7 > 1},

where
_ T 1
F = T = (xwk) : hmv,n,'r—)oo I Z (xiJra,jJrﬁ,kJr’Y - f) y Y1y oy Yn—1
6= KRN TEY
uniformly in «, 5,y
and

T4 k€ Ly
uniformly in «, 8,y

[F } { T = (xijk) limy, 57— 00 o —— ! Z |‘(mi+a,j+ﬁ,k+7 — &), Y15 Yn—1ll }
0] = .

Lemma 1. For a given € > 0 and let x = (z;;,) be a strongly almost convergent
triple sequence. Then there exist po, qo, To, o, By and vy such that
pm,no
)] <e

a+p—1pB4+qg—1v+r—1 o0,00,00
YD VD M M T
for all prmno Z 1, P 2P0, 42 qo, 7 2 T, @ 2 o, 2 Bo, 7 2 70, for every nonzero

= = k=vy m,n,o=1,1,1
Y1,y Yn—1 € X. Then x € [M,u,[F], 0, -|l] -

Tijk — &
yYls -5 Yn—1

Proof. Given € > 0. Take pj, qf, 74, @0, Bos Yo such that

a+p—1p+qg—1vy+r—1 o0,00,00
qu‘ Z Z Z Z [umnOano(

= = k=~ m,n,o=1,1,1

Tijk — &
yYly ey Yn—1

Pmno

(2)

DO ™
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for all p > pf, ¢ > q(’)7 r > 7"6, a > ap, B> By, ¥ > 7 Now we have to prove
only that there are pjj, ¢(, r{ such that for p > p{j, ¢ > ¢, ¥ > r{, 0 < a < ay,
0<B< By, 0y <.
Pmmno
)] <E.

3)
By selecting po = max (pj, pjj), 9o = max (g, q) and rog = max (r{, (), will
holds for p > po, ¢ > qo, 7 > 19 and Ve, 8,y. Take ag, By, v be fixed,

ﬂpm — Ky (4)

Pmno
s

Pmmno
s

Pmno
x.7 ik — é’
”Tvyla"'ayn—l ‘>:| :K4-

Tijk = §
yYls ooy Yn—1

a+p—1p+qg—1vy+r—1 o0,00,00
zzgjz[mm4

=« = k=~v m,n,o=1,1,1

qu

y Y1y s Yn—1

ag—1Bo—17v9— 00,00,00
3D zpww(

=0 j=0 k=0 m,n,o=1,1,1

Tijk — &
0

—1ly+r—1 o0,00,00

aozj Z Z l:Umnoano (“W,yl,...,yn_l

j=B k=7, m,n,o=1,1,1

ap—1B+q—17—1 00,00,00

Z Z Z Z |:Umnoano (’ %jf,yl,...,yn,l

i=a j=f, k=vy m,n,0=1,1,1

ap—1B+g—17+r—1 00,00,00

DI Sl VD S [Tt

i=a j=By k=vo m,n,0=11,1

a+p—1B8y—1~vy— 00,00,00 Tiik f
E : 2 : § : } : 4,9,k
m —— PREEY) —
|:’U, noano <‘ P Y1 Yn—1

i=ag j=p k=vy m,n,0=1,1,1

a+p—1By—lvy+r—1 oo0,00,00

)OI Db D SN [T

i=ag j=B k=7, m,n,0=1,1,1 -

ik _g 7 Pmno
%75
p y Y1y -5 Yn—1 ‘) = Kﬁ'

a+p—1p+qg—179—1 oo0,00,00

)OI MDD SN [T

i=ag j=py k=y m,n,0=1,1,1 "

ik _g T Pmno
]
D y Y1y -5 Yn—1 ‘) = K?-




588 O. Kisi, M. GURDAL

Now taking 0 < a < ap, 0 < < 5y, 0 <v <7 and p > ag, ¢ > By, 7 > Yo, We

have from (4H10))

atp—1B4q—1y+r—1 ©950,0

2D YNED SERD SN S (.7 A

i=a  j=p  k=y m,n,o=1,1,1

=L <%Z1+a+i 1) (ﬁozlf%j (W(’Elﬁg 1)

Pmno
Ma Y1, - '7ynle)i|

1=Qq j=B J ﬂo Y k Yo

00,00,00

5" fan

m,n,0=1,1,1

Pmno
Mayh . '7yn—lH)i|

K1+K2+K3+K4+ o+K6+K7+

- pqr par pqr par pqr pqr par

ag+p—1Bot+g—1vyy+r—1 00,00,

T XY Y Y [wmmeMue (

i=ao  j=Bo k=7 m,n,o=1,1,1

Pmno
Ma Y1, - '7ynle):|

Kl K2 K3 K4 K5 K5 K7 k= f
rom
—pqr+pq7‘+pq’r‘+qu+qu+qu+pq7’+ .

Taking p, g, r sufficiently large, we can obtain

Kl KQ Kg K4 K5 K6 K7 3
— =S - <
pqr pgr pgqr - pgr - pqr - pqr - pqr 2

gives ([3). This concludes the proof. O
Theorem 1. Let pino > 1V m,n, o and for every 05 we have [M,u, [Fp],p, ||, ..., .|| =
(M, [F], s - - -]

Proof. Let {zijr} € [M,u,[Fp],p,|.,.....|]]. Then for given & > 0, there exist po,
qo, ro and & such that
Prmno
)<

forv>wvg,n>ny, 7>10and a =Up_1+1+a,B=V,_1+14a,vy=Z,_1+1+a,
a>0. Let p> hy, ¢ > hy, 7> h, write p =ch, + 6, ¢ =0bh,+0,r=dh, +0

Tigk — L

yYly ooy Yn—1

a+h,—1B+hy—=1y+h,—1 o00,00,00
Z Z Z Z |:umnoano (

UaTLT k=y myn,o=1,1,1
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where b, ¢, d are integers. Since b, ¢, d > 1. Now

a+p—1pB4+q—1~y4+r—1 9,00,

REED VRED VRED VRN N [T VA

Pmno
Ti,j,k—§
Lﬂl/lw ‘7yn71H):|
i=a  j=f k=y m,n,0=1,1,1

a+(c+1)hy—1 B+(b+1)hy—1 y+(d+1)h,—1 9,99,

IN

Pmno
[umnoano ( M; Y1,y Yn—1 H)]

pqr £ £ £
1= Jj=B =7 m,n,0=1,1,1

a+(u’+1)hv—1 b ﬂ-i—(u'-‘rl)hn—l d 'y+(u'+1)h7—1

— Ly Yy Yy Y

w'=0 i=a+tu'h, uw'=0 j=p+u'h, uw'=0 j=y+v'h,

00,00,00

5 ot

m,n,0=1,1,1

pmno
Ti,jk—§
oL ayl,'ﬂynle)}

S (d+1)(c+1)(b+1)h h h < 4cbdhyhyhre (d C,b Z 1) )
pqr pqr ’
By hohr . chdhyhyhr
For o < 1, since = 1

a+p—1pB+qg—1vy+r—1 o0,00,00

pqr Z Z Z Z |:umnoano <HW,ZJ17 ey Yn—1

= j=pB k=~ m,n,0=1,1

Pmno
)] < 4e.

Using Lemmal[l] we get [M,u, [Fg] Dyl ees Il C My, [F] s s ey -] - O
Lemma 2. Assume for a given € > 0 there exist po, qo, o and oo, By, Vo such that
00,00,00 atp—1pf+g—1y+r—1 Pmno
Z UmnoMmno oar Z Z Z (mw LA Y ..~7yn1> <e
m,n,0=1,1,1 i=a

for all p > po, ¢ > qo, 7 > 10, @ > g, ﬁ > By, ¥ = 7o, for every monzero
Y1y s Yn—1 € X and for some p > 0. Then x € [M, F,u,p,||., ..., .||]-

Proof. Assume € > 0. Take p{, ¢, 70, o, By, Yo such that

Pmmno

00,00,00 a+p—1B+q—1~v+r—1
} : } : 2 : 2 : xlm
umno mno 7917 sy Yn—1 <

m,n,0=1,1,1 pqr =«

(11)
for all p > pfy, ¢ > g, r > 1, @ > ag, 8> By, 7 > 7. By Lemmal[i] it is enought to
denote that there exist pf, ¢(, vy such that for p > p{, ¢ > ¢(, r > r{, 0 < a < ay,
0<B<Bp, 0<y <7

| ™

Pmno

00,00,00 a+p—1B+q—1~v+r—1
mmk
Z 7-hnno mno Z Z Z ayla 5 Yn—1 <e€
qu

m,n,0=1,1,1 i=a =B k=~
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Since ag, B, 7o are fixed, let 0 < a < ap, 0 < 5 < By, 0 < v < v, and p > aop,
q > By, > 7. According to (4f10]), we obtain

Pmmno

00,00,00 a+p—1p+q—1~v+r—1
E § E : E : Li,g,k
umnoano ” ( 7y1a -~-ayn1)
m,n,o=1,1,1 pq =
[ Pmno
©0,00,00 ag—1Bo—17vo—
< M xm k—
— Ummno mno r 7y17 ey Yn—1
m,n,0=1,1,1 Pq i=a j=0 k=v
00,00,00 i ap—1Bpg—1y+r—1 . 7 Pmno
z : j : 5,k —
+ um,noanO r ( 7y1, "';yn—l)
m,n,0=1,1,1 pq i=a j=B k=v,
00,00,00 i ap—1pB+qg—17v9— 7 Pmno
M xw,
+ UmnoMmno r ) y17 s Yn—1
m,n,0=1,1,1 pq i=a j=B, k=v
00,00,00 [ 1 ag—1p+qg—1~y+r—1 . Pmmno
@7,k
+ § Umnoano —_— § § < 7y17'~-7yn1>
— pqr
m,n,o0=1,1,1 i=a j=B, k=,
00,00,00 i a+p—1Bo—1vy— 1 Pmno
Li,jk —
+ Z UmnoMimno § : § : E ( ’ yla vy Yn—1
m,n,0=1,1,1 i=ag j=f k=v
00,00,00 [ at+p—1B+q—1v,— . 7 Pmno
i,7,k
+ § UmnoMmno § E § < ) 1117 oo yn—1>
m,n,0=1,1,1 i=ag  j=B, k=~
00,00,00 i a+p—1B+q—1~y+r—1 Pmno
E E § : Ti 5,k —
+ umnoano § ( ) yla s Yn—1
m,n,0=1,1,1 i=ag j= 60 k= =70
K Ko Ks Ky Ks K¢ Ky
— pgr + pqr + pqr + par + pgr + pgr + pqr+
©00,00,00 1 a+p—1pB+q—1~vy+r—1
+ E umnoano W Z (12)
m,n,0=1,1,1 i=ao  j=By k=7¢

Let p — ap > pp,

(TL] k=&

r— 9 > 4. Then, for 0 < a < ag, 0 < 8 < 3,,

q—Bo > 40,

Pmno
y YLy ees ynfl) H:|

0<y<vp weget p+a—ag>ph, qg+B8—By>aqh, r+v— v = rf. From (TI),
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we have

00,00,00

ao+pta—ag Bot+q+B—Bo Yo+r+rv—70

1
> [“mnoMmm (rFatao) (@ +B+Bo) rF7+70)

m,n,0=1,1,1 i=ag i=Bo k=,
Pmmno
Tijk—§ €
( ]p aylv"'vyn—l>‘:| < bR
(13)

From and , we have

00,00,00

Z [umnoano

m,n,0=1,1,1

a+p—1B+qg—1~y+r—1

1 Ti g k—E
W Z Z ( Jp 7y17"'7yn—1)
i=a =5 k=x

J

‘| Pmno

K K K K Ks K K
< Koy Ko 4 Kz | Ky 5 Ke | K7
— pqr + pqr + pqr - pqr + pqr - pqr + pqr

4 (pra—a0)(@+B—Bo)(r+7=70) ¢
pqr 2

Ky | Ky | K3 | Ky Ks Ks | K7 | €
—qu'+pqr+pqr+pq7'+pqr+pqr+pqr+2<€’

for sufficiently large p, q, . O

Theorem 2. (i) For every 0,

M, Egy ps [y ooy [0 [Mw, 129 py s ooy [l = M s By s s ]
(ii) For every 0, [M,u, Fp,p,|., ..., ||| € [M,u,1?p, ||, .....]|].
Proof. (i) Let {x;jr} € [M,u, Fp,p,|., ..., ||| N [M,u, 1, p,||.,...,.]|] Ve > 0 there

exist vg, 7y and 7o such that

_ 1
hay

21T

a+h,—1B+hy=1~+h,—1
00,00,00 M
Zm,n,o:LlJ Umnomno (

xq i k—L
Up 7y17“'7yn71)
i—a =B k=

Pmno
£

(14)
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fOI' Uan77—ZUO7T}O?7—07a2aOaBEBOa’YZ’YOaO‘:UU—1+1+a7ﬂ:Vn—1+1+aa
v=2Z;-1+1+a,a>0.Let integers p > hy, ¢ > hy, r > h,, b,c,d > 1. Then

00,00,00

Z [umnoano

m,n,0=1,1,1

atp—1B4+q—1y+r—1 ©°,00,°

1 Tijk—§
ol X X X Mu(®

= J=B k= m,n,o=1,1,1

> Yt "'7yn—l)

‘| Pmno

00,00,00

< Z [Umnoano

m,n,0=1,1,1

c—1 a+(p+1)hy—1 p—1 B+(b+1)hy—1 d—1 y+(p+1)h,—1
par , ,
p=0 di=a+ph, P=0 jF=B+yYh, =0 k=v+ph,

(M7y1a EE) yn—l)

Pmno 1
} T par

©0,090,00 at+p—1 B+g—1 ~y+r-1

- Z [umnoano Z Z Z

m,n,o=1,1,1 i=a+chy j=f+bhy j=v+dh.

Pmno
’(M Yty -y Yn— 1)H‘| .

(15)

pm,no
[

Pmno

§ |:umnoano
00,00,00 a+p—1pB+q—1~vy+r—1

Since {x;jx} € [M,u, 1%, p,|.,...,.||] for all i, j, k, we have
= (in,j,k —¢ )‘
— Y1, Yn—1
m,n,o=1,1,1 p
From and , we have
Lijk —
Z umno mno Z Z Z ( y17"'7yn1)
m,n,0=1,1,1 =

1 e Kh
< —dceb.hyhph, = + — 0T
pqr 2 pqr

for % < 1, since M <1 and T can be made less than 5, taking p,
q, r sufficiently large so

00,00,00 a+p—1B+q—1~y+r—1 . Pmno

gk~
S e SR ID Sl G ST | | IR

m,n,0=1,1,1 pqr 1=

fOT v,n, T 2 U0777077—O7 (6% 2 g, ﬁ Z BO7 vy Z ’70'

Therefore, [M, u, Fo,p, ||, .. [[] N [M,u, 1%, p, || oo [} © (M, Epy |, s I

(ii) Let {zijr} = (—1)7* (ijk)" where ¢ is constant with 0 < ¢ < 1. Then
a+hy,—1B+hy—=1~y+h, —1

Z Z Z Lijks 67 720)

Let X = R™. It is straight forward to verify that {z;;1} € [M,u, Fy,p,|.,...,.|l]
with £ = 0. But {z;;;} is not bounded. O
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Theorem 3. The sequence space [M,u, [F],p,|., .., -|l] is a linear topological space
total paranormed by

93 (T) = SUPp,g.r>1, a,8,9>1

a+p—1pB+q—1~y+r—1
DqT
0Zy1rym1ex \P?

XX X S [tmno Moo
i=a  j=B k=v '

Pmno
‘T“,,"k',yh-u,ynle)] )
Pmno
1; 7y17--'7yn—1H>>1| .

Proof. Obviously g3 (x) =0 < z =0, g3 () = g3(—z) and g3 is subadditive. Let
(™) in [M,u,[F],p,]., -, .||] such that gz(z(™ —x) — 0 as m — oo and (Vo)
be any sequence of scalars such that v,,,, — v as m,n,o0 — co. Since

g3 (x(m)) <g3(x)+gs (fc(m) — x)

holds by subadditivity of g3, g3 (x(m)) is bounded. Thus, we acquire

00,00
= SUPp,q,r>1, a,8,7>1 Zm mo=1,1,1 UmnoMimno thqmﬂ’y (’
0#Y1,-.Yyn—1EX

93 (vmnorﬂ(m) = l/rc>

a+p—1p+q—1~v+r—1

sup 22 X

p,q,r>1, a,B y>1 pqr

0#Y1,..sYn—1€X =
00,00,00 ( ) Pmmno
vmnoml]k VT k
lumnoano( yYls -5 Yn—1 )] )
m,n,0=1,1,1 p

a+p—1pB+q—1~vy+r—1

|Umno - U| sup Z Z Z

p,g;r>1, o,B,y>1 PCI?"

IN

0FY15eYn—1€X =a
00,00,00 (m) Pmmno
M Tijk
Umno mno( yYly ey Yn—1 ) )
m,n,0=1,1,1

a+p—1B+q—1~vy+r—1

ol e > > X

p,q,r>1, o,f,y>1 pqr i—a
0#£Y1,..,yn—1€X
(m)

0,000,000 _ .
Ly gk — Tijk

Z lumnoano (

m,n,o0=1,1,1

= |Umno —v| g3 (Jc(m)) + |v| g3 (a:(m) - z) -0

yYls -5 Yn—1

)])

as m,n, o — oo. This concludes the proof. (I
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Definition 7. A triple sequence © = (z;,) is named to be strongly p-Cesaro I-

summable (0 < p < 00) to a limit & in (M, [F],u,,p, -] ,93) if
‘ 1 m,n,o

g k) e N® . —— ik — &e))P > T

(i,4,k) € mnoijgll(gs(m ge))" z e €13

for every e > 0 and we write it as xij, — §[C, g3 (T)],, -

Definition 8. A triple sequence © = (z;;) s said to be gs-ideal convergent to a
number L in ([M,u,[F],p, ||, -ll],93) if for each e >0

{(7’7]7k) € N3 $ 93 (mijk —fe) > 5} 61.37

where
93 (T — &)
a+p—1pB+q—1~vy+r—1
- pqr>fuaﬁ'y>1 pqr Z Z Z
0#Y1, s Yn—1€X ma g=p k=y
00,00,00 Pmno
Tk — &e
Z |:Umnoano < =R~ yYls -5 Yn—1 ):| .
m,n,0=1,1,1
3 .
By I([M W [FLps s gs) WE denote set of all g3(T)-convergent sequences in
([M,U, [F] » Dy |'7 ey ||] ag?)) .
Definition 9. A triple sequence x = (zi;i) ts said to be gs-ideal Cauchy in
(M, u, [F],p, I -5 -ll] 5 g3) if for every e > 0 there exist three numbers P = P(g),

Q = Q(e), R = R(e) such that
{(i,j.k) € N° : g3 (wij — xpor) > €} € Ts.
Theorem 4. If a triple sequence is ideal convergent in ([M,u, [F],p, |, -], 93),

then its limit is unique.

Proof. For given € > 0 we define sets as:
. €
K (e) = {(i.3.k) € N2 gs (s — 1) > T}

and

. €
K () = { (i k) € N2 g (@ign =€) = £ }
and suppose ¢3(Z) — limz = &; and g3(Z) — limz = &,. Since g3(Z) — limz = £,
we have Ki(e) € Zs. Similarly, g3(Z) — limz = £, we have Ks(e) € Z3. Now let
K(e) = K1(¢) U Ka(e). Then K(e) € I3 and therefore, K°(¢) is a non-empty set
and K¢(e) € F(Z3). If (i,5,k) € (Nx N x N)\ K (¢), then we have

93 (61— £2) < g3 (wige =€)+ 93 (i — ©) < 5 + 5 =¢
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Since € > 0 is arbitrary, we get g3 (§; — &) = 0 and hence &, = &,. d

Theorem 5. Let x = (zi;;) € ((M, v, [F],p, ||, ..., .|l ,93) be ideal convergent to §

iff there exists a set

K = {(ip,Jg,kr) €EN? iy <ig < 0. <ip <oy 1 < J2 < oo < g < ooy k1 < ko
< <k.<.}

with K € F (I3) such that g3(x;,j,k, — &) — 0 as iy, jg, kr — 00.

Proof. Let g3(Z) — limz = £. Now write for v = 1,2, ...

Ks (5) = {(pv%r) € NS ‘g3 (xiqukT _5) S 1+ :;}

and )
MU (5) = {(pv Q1r) S NS : 93 (xiqukT - f) > } .

v
Then K, € Z3. Also
My DMy D ...DM; D Mit1D ... (16)
and
M, e F(Z3),v=1,2,.. (17)
As we know {xiqukr} is gs-convergent to . Assume {x;;;} is not gsz-convergent to

§. Therefore, there is € > 0 such that gz(z;,;,x, — &) < ¢ for infinitely many terms.
Let

M. = {(p,q,r) € N*: g3(w;,j,k, — &) >}
and € > %, (v=1,2,...). Then M, € Z3 and by M, C M,.. Hence, M, € I3
which contradicts and we get that {x;;x} is gs-convergent to £.
Conversely, suppose that there exists a subset
K = {(ip,jg.kr) EN> 1y < . <ip <oty 1 <o <Jg <oy k1 <o <hp <.}

with K € F (Z3) such that gs-limy, 4 r 00 T4,j,k, = & then there exists an N (g) such

r

that
g3(xijk — &) < e fori,j, k> N.
Let
K. = {(i,j7 k) € N®: g3 (@ije — &) > 5}
and

K' = {(in41,in+1,kns1)  (ing2, N2, kng2) 5o -
Then K’ € F(Z3) and K. C (N x N x N)\ K’ which implise that K. € Z3. Hence
93(Z) — limx = €. O

Theorem 6. Let g3(Z) — lima = &, and g3(Z) — limy = &,. Then
(1) g3(Z) —lim(z £ y) = & £ &,
(i) g3(Z) — lim(ax) = a&y, a € R.

Proof. Tt is easy to prove, so we omit it. (]
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Theorem 7. If 0 < p < oo and x;j — &[C,g35(2)], , then (x;1) is gs-ideal
J P J

convergent to g in ([M,’U,, [F] » Dy H7 weey ||] ag3) .
Proof. Let x;jr, — £[C, g3 (Z)]. Then we have
L m,n,o ) m,n,o
e 2 (g3 (zigE —€e) > > (95 (zijr — &e))”
%,5,k=1,1,1 1,5,k=1

(93(zijx—Ee))>e

> o {0, k) € N2 g3 (aign — €e) > e}
and
1 ngjo (95 (ijr — €e))” = L [{(i,4, k) € N* : g3 (i — Ee) > e}
epmmno i k=1,1,1 ~ mno -
That is
{(i,5.k) € N*: g3 (wijx — &e) > e} € Ts.

Hence (x;51) is gs-ideal convergent to & in ([M,w, [F],p, ., ...,.|l], g3) - O
Theorem 8. If x = (x;;1) is g3(Z)-convergent to & in (M, [F],u,p,|.,...,-|l] s 93)

then x5 — £[C, g3 (1)), -

Proof. Suppose that = (z;;1) is gs-ideal convergent to ¢ in ([M, [F],u,p, ||, ..., .|I],

Then for € > 0, we have K, € 73, where K, = {(z’,j, k) € N3 : g5 (w55 — Ee) > E}.

Since z = (z;1) € [M, 4,1, p, ||, ..., .]|], then there exists K > 0 such that
|:umnoM'rrmo (

pr‘n,no
)] =x
for all 4, j, k. Thus,

a+p—1p+q—1
93 (Tijk — Ee) = sup
. TIPS
Hence

p,q,r>1, o,B,72>1 i—a
Pmno
>:| S K'
m,n,o m,n,o

0#1}17 SYn—1€X
—— Y (gs(wgr—&e)’ == > (gs(zyk—Ee))”
i k=1,1,1 i k=111
g

Tije — &€
p

s Yls -5 Yn—1

Tijk — &€
yYls o5 Yn—1

y+r—1
Z [umnOano (

k=~

toms > (g3 (g —€e))’ < KK,

i,5,k=1,1,1
i,5, k€K

Then the set K. on the right hand side of above inequality belongs to Z3. Therefore,
ziji — € [C, g3 (T)],- Hence the proof is concluded. O

g3) -
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Let X and Y be two triple sequence spaces. We use the notation X,cq C Y¢q
to mean if the triple sequence = converges to a limit & in X then the sequence z
converges to the same limit in Y.

3 _
Theorem 9. (I<[M7u,[F],p,n.,...,.m,gs))reg = ([Cv 93 <I)]p)mg~
Proof. By combining Theorem and Theorem we have the proof. (|
Theorem 10. Let a complete paranormed space be ([M,u, [F],p,]-, -, ] s 93) -
Then a sequence in [M,u, [F],p,|.,...,.||] is gs-ideal convergent iff it is gs-ideal
Cauchy.

Proof. Let g3(Z3) —lima = £. Then, we get X (&) € Z3, where

X (e) = {(i,3. k) € N s go (i — ) > S}
This implies
xX° () = {(i,3, k) € N* o (wije — ) < 5
Let m,n,0 € X¢(¢). Then g3 (Tmno — §) < 5. Now let

Y (e) = {(i,4,k) € N> : g3 (wijp — &) > €} .
We need to demonstrate that Y (¢) C X (¢). Let (4,7,k) € Y (¢) . Then g3 (Zmno — Tijk)
> ¢ and therefore g3 (x5 — &) > ¢, thatis (4, j, k) € X (¢). Otherwise, if g3 (x5, — &) <
€ then

}ef(zg).

€ €
£ < g3 (Tijk — Tmno) < 93 (Tijk — &) + 93 (Tmno — &) < 5"'5 =€

which is not possible. Thus, Y (¢) C X (¢) and therefore, = (x;;1) is gs-ideal
convergent sequences.

Conversely, let © = (z;51) is gs-ideal Cauchy but not gs-ideal convergent se-
quences. Then there exist (¢, w’,v’) € N® such that

D(E) = {(7’5]7 k) € Ns 1 g3 (Iijk - xt/w/v’) > 5} €13
and G (g) € Iz, where
. €
G () = {3, k) €N g (i — ) < 5}

that is, G° (¢) € F (Z3) , since g3 (Tijk — Tmno) < 293 (Tijk — &) < e.1f g3 (zijr — §) <
S then D¢ (e) € T3, that is, D (¢) € F (Z3) which leads to a contradiction. Hence,
the result is obtained. (]
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