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NEW TYPES OF CONNECTEDNESS AND INTERMEDIATE
VALUE THEOREM IN IDEAL TOPOLOGICAL SPACES
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ABSTRACT. The definitions of new type separated subsets are given in ideal
topological spaces. By using these definitions, we introduce new types of con-
nectedness. It is shown that these new types of connectedness are more general
than some previously defined concepts of connectedness in ideal topological
spaces. The new types of connectedness are compared with well-known con-
nectedness in point-set topology. Then, the intermediate value theorem for
ideal topological spaces is given. Also, for some special cases, it is shown that
the intermediate value theorem in ideal topological spaces and the intermediate
value theorem in topological spaces coincide.

1. INTRODUCTION

The concept of ideal in topological spaces was first studied by Kuratowski [16]
and Vaidyanathswamy [33]. More properties are given for ideal topological spaces
in [10]. In [1033], it is shown that the local function of a set is a generalization
of the concepts of closure point, w-accumulation point and condensation point of
that set. The concept of ideal was applied not only to topology but also to different
areas of mathematics. For example, the Cantor-Bendixson Theorem is generalized
in [6]. New special spaces such as Z-Rothberger [7], Z-Baire [17], Z-Resolvable
and Z-Hyperconnected [3],Z-Extremally Disconnected [12], Z-Alexandroft and Z,-
Alexandroff [4] are defined by using ideal. In addition, the concepts of ideal and
local function are studied in fuzzy set theory [28], soft set theory [11] and ditopo-
logical texture spaces [15].

Connectedness is a topological invariant. So, the concept of connectedness has
an important role in general topology. The intermediate value theorem in calculus
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was generalized by means of connectedness in topological spaces [25]. Many types of
connectedness are defined by using the local function in [20,31] and these connect-
edness are stronger connectedness. The generalization of connectedness has been
defined in [18}|26] More features of connectedness types given in [20] were examined
in [14]. In addition, many operators such as local closure function [1], semi-closure
local function [9] , weak semi-local function [35436], semi-local function [13], a-local
function [2},21], M-local function [22], ¢*-local function [29], Q-operator [19] and
1" -operator [23] are defined in recent years. In this study, we define new types of
connectedness by using local functions and local closure functions. In this way, we
generalize all connectedness types in [20]. After that, new types of connectedness
are compared with well-known connectedness. Also, we define new components
with the help of new types of connectedness. In the last section, we give the inter-
mediate value theorem in ideal topological spaces. For the minimal ideal Z = {0},
we show that the intermediate value theorem in general topological spaces and the
intermediate value theorem in ideal topological spaces coincide.

2. PRELIMINARIES

In any topological space (U,7), we denote the interior and the closure of the
subset M as Int(M) and CI(M), respectively. The power set of U is denoted by
P(U). Both open and closed subsets are called clopen. The collection of all open
neighborhoods of the point z is denoted by 7(x).

Definition 1. [16] Let U be nonempty set and T C P(U). If the following condi-
tions are satisfied:

(1) 0eT.
(2) If M €Z and K C M, then K € T.
(3) If M\,\K €I, then MUK € T.

then the collection I 1is called an ideal on U.

The ideal Z = {0} is called minimal ideal and the ideal Z = P(U) is called maxi-
mal ideal. Although the topology is not needed to define an ideal, some collections
of sets in the topological spaces form ideals. In any topological space (U, 7), a subset
M is called nowhere dense, if Int(CI(M)) = (). The subset M is called discrete set
if MNM?=( (where M? is derived set of M). A subset of U is called meager (or
set of first category) if it can be written as a countable union of nowhere dense sub-
sets of U. A subset of U is called relatively compact if its closure is compact. The
collection of all nowhere dense subsets Z,,,, = {M C U : M is nowhere dense}, the
collection of all closed-discrete subsets Z.q = {M C U : M is closed and discrete},
the collection of all meager subsets Z,,, = {M C U : M is meager set}, the col-
lection of all relatively compact subsets Zxy = {M C U : M is relatively compact}
and Zyog = {ACU: fog(A) =0}, where f~Vg are ideals on U [16,24,33)|.
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If (U, 1) is a topological space with an ideal Z on U, this space is called an ideal
topological space or briefly Z-space. Sometimes we denote this case with the triple
U,7,7).

Definition 2. [16] In any Z-space (U,T), a function (.)* : P(U) — P(U) is defined
by

M*(Z,7)={xe€U:0NM ¢TI for every O € 7(z)}
is called the local function of a subset M.

Sometimes we write briefly M*(Z) or M* instead of M*(Z, 7). MUM* = Cl*(M)
is a Kuratowski closure operator. So this operator generates a topology on U. This
topology is denoted by 7* and defined as 7* = {M C U : CI*(U\ M) = (U\ M)}.
Moreover 7 C 7* and so M C CI*(M) C CIi(M). Elements of 7* are called *-open.
The complement of a *x-open subset is called *-closed.

Proposition 1. [10,|16,|33] Let (U, 7) be an Z-space and M, K C U.
(1) If M C K, then M* C K*.
(2) M* =Cl(M*) C Cl(M). That is, M* is closed set.
(3) (MUK)*=M*UK*.
(4) If T = {0}, then M*({0}) = CI(M).
(5) If T ="P(U), then M*(P(U)) = 0.
Definition 3. [1] In any Z-space (U, T), a function T'(.) : P(U) — P(U) defined by
DNMYZ,7)={zecU:Cl(O)NM ¢ T for every O € T(x)}
is called the local closure function of the subset M.
Sometimes we write briefly I'(M)(Z) or I'(M) instead of T'(M)(Z, 7).
The 6-closure of any subset M is defined in [34] as Clp(M) = {z € U : CI(O) N
M # () for every O € 7(x)}.

Proposition 2. [1] Let (U, ) be an I-space and M, K C U.
(1) If M C K , then T(M) C T(K).
(2) T(M) = CUT(M)) C Clg(M). That is T'(M) is closed set.
3) TIMUK)=T(M)UI'(K)
(4) If Z = {0}, then T(M)({0}) = Clg(M).
(5) IfZ="P(U), then T(M)(P(U)) = 0.

Lemma 1. [I] In any Z-space (U, 1), M*(Z,7) CT(M)(Z,T).

Definition 4. [30] Let (U,7) be an I-space and M C U. The subset M is called
I-dense-in-itself if M C T'(M).

Definition 5. [§/ Let (U,7) be an I-space and M C U. The subset M is called
x-dense-in-itself if M C M*.

Nonempty subsets M, K of a topological space (U,7) are called separated if
CI(M)N K = M NCI(K) = . The topological space (U, 7) is called connected
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if U is not the union of two separated subsets. The subset M in a topological
space is connected if and only if M is not the union of separated subsets in the
subspace (M, 7ys) or equivalently M is not the union of two separated subsets in
(U, 7). There are many expressions equivalent to definition of connectedness in
the literature [5}[25,[32]. We say that the subsets M, K are T-separated if they are
separated subsets in (U,7). We say that the subset M is 7-connected if it is a
connected subset in (U, 7). That an Z-space (U, T) is 7-connected means that the
topological space (U, 1) is 7-connected.

Definition 6. [20] Let (U,7) be an I-space and M, K be nonempty subsets in
this space. These subsets are called *.-separated (resp. *-Cl*-separated, x-Cl-
separated), if M*NK = MNK* = MNK =0 (resp. M*NCI*(K) = CI*(M)NK* =
MNK=0, M*NCI(K)=CI(M)NK*=MnK=0).

Definition 7. [20] Let (U, 7) be an Z-space and M C U. The subset M is called
x,-connected (resp. *-Cl*-connected, x-Cl-connected) if it is not the union of two
x4 -separated (resp. x-Cl*-separated, x-Cl-separated) subsets.

From these definitions, the following diagrams are obtained in [20].
k-C'l-separated ——= *-Cl*-separated ——= *,.-separated <—= 7*-separated

FIGURE 1. Relations among types of separated subsets which are
defined via local function

T*-connected <— % ,-connected —— *-Cl*-connected —— *-C'l-connected

FIGURE 2. Relations among types of connectedness which are de-
fined via local function

3. NEw TYPES OF SEPARATED SUBSETS VIA LOCAL CLOSURE

Definition 8. Let (U, 1) be an I-space and M ,K be nonempty subsets of U. These
subsets are called

(1) T-Cl-separated if T(M)NCUK) =CI(M)NT(K)=MNK = 0.

(2) T-Cl*-separated if T(M)NCI*(K)=Cl*(M)NT(K)=MnNK =0.

(3) T-separated if T(IM)NK =MNT(K)=MNK =.

(4) T-x-separated if ((M)NK*=M*NT(K)=MNK = 0.

(5) 2*-separated if M* NK*=MNK = 0.

Theorem 1. Let (U,7) be an Z-space and M ,K be nonempty subsets of U.
(1) If M,K are T'-Cl-separated, then they are I'-Cl*-separated subsets.
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(2) If M,K are T'-Cl-separated, then they are x-Cl-separated subsets.
(3) If M,K are T'-Cl*-separated, then they are I'-separated subsets.

(4) If M,K are I'-Cl*-separated, then they are x-Cl*-separated subsets.
(5) If M,K are I'-separated, then they are *.-separated subsets.

(6) If M,K are T'-Cl*-separated, then they are T'-x-separated subsets.
(7) If M,K are T'-x-separated, then they are 2*-separated subsets.

8) If M, K are %-Cl*-separated, then they are 2*-separated subsets.

(
Proof. Since M C CI*(M) C CI(M) , K C CI*(K) C CI(K) and Definition [§| ,
——@— are obtained. By using Lemma [I| and Definition ——-

O

are obtained.

In addition to this theorem, since 7 C 7%, 7-separated subsets are 7*-separated.
From Theorem [I] and Figure [T} we obtain the following diagram:

I'-Cl-separated == I'-Cl*-separated = ['-separated
I'- % -separated

2*_separated

#-Cl-separated =——= »-C"-separated =——= #*,-separated <—= 1*-separated <—= T-separated
FIGURE 3. Relations among new types of separated subsets

For this diagram, counterexamples and independent concepts are shown in Ex-
ample [I] and Example [2|

Example 1. Let 7 = {0,U, {z},{d}, {z,y},{z, z},{a,c},{z,d},{z,y, 2}, {a,c, d},
{z,a,c},{x,z,d},{z,y,d},{a,b,c,d},{z,a,c,d},{z,y,a,c},{z,2,a,c},{x,vy, z,d},
{z,y,2,a,c},{z,a,b,c,d}, {x,y,a,c,d}, {z,2,a,¢,d},{z, z,a,b,¢,d}, {z,y,a,b, ¢, d},
{z,y,2,a,c,d}} be a topology onU = {a,b,c,d,x,y, 2} and let T = {0,{x}, {a},{a,z}}
be an ideal on U. The following table gives information about some subsets of this
ideal topological space.

According to Table:

1) C and E are T'-Cl*-separated subsets but not I'-Cl-separated.
2) D and G are x-Cl-separated subsets but not T'-Cl-separated.
3) D and G are x-Cl*-separated but not T'-Cl*-separated.

4) C and H are T'-separated subsets but not I'-Cl*-separated.

5) D and G are x,-separated subsets but not I'-separated.

6) E and F are I'-x-separated subsets but not I'-Cl*-separated.

(
(
(
(
(
(
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TABLE 1. Information about some subsets according to the given
T-space
A = {b} A* = {b} I'(A) = {a,b,c,d} Cl*(A) = {b} Cl(A) = {b}
B ={c} B* = {a,b,c} I'(B) = {a,b,c} Cl*(B) = {a, b, c} CU(B) = {a,b,c}
C={d} Cc* = {b,d} r(C) = {b,d} cr*(C) = {b,d} ey = {b, d}
D ={z} D* = {z} (D) ={z,y,z} C1*(D) = {z} Cl(D) = {z}
E={a,y} | E* ={y} N(E) = {=,y, 2} ClI*(E) = {a,y} CU(E) ={a,b,c,y}
F={bec} | F*={a,b,c} I(F) = {a,b, ¢, d} CI*(F) = {a,b,c} CIU(F) = {a,b, c}
G={by} | G"={by} NG =u C1*(G) = {b,y} ClU(G) ={b,y}
H = {c,y} H* ={a,b,c,y} I'(H) ={a,b,c,z,y, 2z} Cl*(H) = {a,b,c,y} Cl(H) = {a,b,c,y}
K ={d,2} | K* = {b,d} I(K) = {b, d} ClI*(K) = {b,d, &} | CUK) = {b,d,z,y,z}
L={dy} | L"={bdy} (L) = {b,d,z,y, z} Cl*(L) = {b,d,y} Cl(L) = {b,d,y}
M= {z,z} | M" = {z} (M) = {=z,y, 2} Clr* (M) = {x, 2} Cl(M) = {=,y, 2}

(7)
(8)
(9)

(10)

G and M are 2*-separated subsets but not I'-x-separated.

E and F are 2*-separated subsets but not x-Cl*-separated.

D and G are x-Cl-separated subsets but not I'-Cl*-separated. C and E are
I'-Cl*-separated subsets but not *-Cl-separated. That is, the concepts of
x-Cl-separated and I'-Cl*-separated are independent of each other.

E and F are T'-x-separated subsets but not x-Cl-separated. D and G are
x-Cl-separated subsets but not I'-x-separated That is, the concepts of %-Cl-
separated and T'-x-separated are independent of each other.

E and F are I'-x-separated subsets but not x-Cl*-separated. D and G are
x-Cl*-separated subsets but not I'-x-separated. That is, the concepts of I'-*-
separated and x-Cl*-separated are independent of each other.

A and E are I'-x-separated subsets but not I'-separated. C and H are
I'-separated subsets but not I'-x-separated. That is, the concepts of I'-x-
separated and I'-separated are independent of each other.

E and F are T'-x-separated subsets but not x.-separated. D and G are
x4 -separated subsets but not I'-x-separated. That is, the concepts of T'-x-
separated and *.-separated are independent of each other.

E and F are 2*-separated subsets but not I'-separated. C and H are T'-
separated subsets but not 2*-separated. That is, the concepts of 2*-separated
and I'-separated are independent of each other.

H and K are *.-separated subsets but not 2*-separated. E and F are 2*-
separated subsets but not x.-separated. That is, the concepts of 2*-separated
and *,-separated are independent of each other.
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(16) D and G are %-Cl-separated subsets but not T'-separated. C' and H are I'-
separated subsets but not x-Cl-separated. So, the concepts of x-Cl-separated
and I'-separated are independent of each other.

(17) D and G are x-Cl*-separated subsets but not I'-separated. B and L are
T'-separated subsets but not x-Cl*-separated. So, the concepts of *-Cl*-
separated and I'-separated are independent of each other.

Lemma 2. Let (U,7) be P(U)-space and M, K be nonempty subsets of U such
that M N K = (. Then, the subsets M and K are T-Cl (%-Cl*, %-Cl, T, T'-x,
[-Cl*,2*, x, )-separated.

Proof. In this space, since I'(M) =T'(K) = M* = K* = (), these subsets are I-CI
(T-Cl* x-Cl, x-Cl*, T, T-,2* %, )-separated. |

Example 2. Let (R,71) be P(R)-space, where R is the set of real numbers with
left-ray topology 7 ie. 7 = {(—oo,r) : 7 € R} U {0,R}. Consider the subsets
M = (—00,3) and K = (3,5) . Since CI(M) = R and CI(K) = [3,+00), these
subsets are not T-separated. But M and K are I'-Cl (x-Cl, %-Cl*, T, T'-x, [-C1*,2*)-
separated subsets from Lemma

In Example I} D and G are 7-separated subsets but not I-Cl(T", I'-x, [-Cl*)-
separated. Moreover, B and L are 7-separated subsets but not x-Cl (x-Cl*, 2*)
separated.

Consequently, the concepts of I-Cl (x-Cl, x-CI*,T, I'-, T-Cl*,2*)-separated and
T-separated are independent of each other.

Theorem 2. [27] In any Z-space (U,T), each of the following conditions implies
that M* =T (M) for any subset M of U:

Corollary 1. Assume that any of the conditions in Theorem [ is satisfied and
M, K are the subsets in any I-space (U, 7). Then,

(1) The subsets M and K are I'-Cl-separated if and only if they are *-Cl-
separated.

(2) The subsets M and K are T'-Cl*-separated if and only if they are x-Cl*-
separated.

(3) The subsets M and K are I'-separated if and only if they are *.-separated.

(4) The subsets M and K are 2*-separated if and only if they are I'-x-separated.

Proof. 1t is obvious from Definition [§] and Theorem O
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Theorem 3. Let (U, 7) be an Z-space and M, K C U. Subsets M and K are both
I'-separated and I'-x-separated if and only if they are I'-Cl*-separated.

Proof. Since M and K are both I'-separated and I'-x-separated,
P(M)NCIHr(K)=TM)N(KUKY)
=TMNK)uU T (M)nK)
=0

CIr(M)NT(K)=(MUM*)NT(K)
=MNT(K))U(M*NT(K))
=0

and M N K ={. So, M and K are I'-Cl*-separated subsets.

Conversely, let M and K be I'-Cl*-separated subsets. From Figure these
subsets are both I'-separated and I'-x-separated. O

Theorem 4. Let (U,7) be an I-space and M, K C U. Subsets M and K are both
x4 -separated and 2*-separated if and only if these subsets are x-Cl*-separated.

Proof. Since M and K are both *.-separated and 2*-separated,
M*NCI*"(K)=M"N(KUK™")
=(M*NK)U(M*NK")
=0

Cl'{M)NK*=(MUM*)NK*
=(MNK")U(M*NK")
=0

and M NK =0. So, M and K are *-Cl*-separated subsets.

Conversely, let M and K be x-Cl*-separated subsets. From Figure these
subsets are both x*,-separated and 2*-separated. ([l

Theorem 5. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-separated.

(2) The subsets M, K are I'-dense-in-itself.

(3) MUK e 7.

then M € T and K € 7.
Proof. Since the subsets M, K are I'-separated, MNI'(K) = (. So, M C (U\I'(K)).

From Proposition [2}(2)), U \T'(K) is open set and hence (M UK)N(U\I'(K)) = M
is an open subset. Similarly, it can be showed that the subset K is open. (Il
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Corollary 2. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-Cl ( T-Cl* )-separated.

(2) The subsets M, K are I'-dense-in-itself.

(3) MUK €.
then M € 7 and K € 7.

Proof. From Figure [3] and Theorem [f], it is obtained. O

Theorem 6. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-separated.

(2) The subsets M, K are I'-dense-in-itself.

(3) MUK € 7*.
then M € 7 and K € 7*.

Proof. Since the subsets M, K are I'-separated, MNT'(K) = (. So, M C (U\T'(K)).
From Proposition 2} [2), U \ I'(K) is open set. Since 7 C 7%, U \I'(K) € 7* and
hence (M UK)N(U\T(K)) = M is in 7*. Similarly, it can be showed that the
subset K is in 7*. O
Corollary 3. Let (U,7) be an I-space space and M,K C U. If the following
conditions are satisfied:

(1) The subsets M, K are I'-Cl ( T'-Cl* )-separated.

(2) The subsets M, K are I'-dense-in-itself.

(3) MUK e 1*.
then M € 7" and K € 7.

Proof. Tt is obtained from Figure [3] and Theorem [6] O

Theorem 7. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are T'-x-separated.

(2) The subsets M, K are x-dense-itself.

3) MUI(K)eT andT(M)UK € 7.
then T'(M) and T'(K) are clopen subsets.

Proof. From Proposition 2}(2)), I'(M) and I'(K) are closed subsets. We only show
that they are open subsets. Since the subsets M, K are I'-x-separated, ['(M)NK* =
0. So, T'(M) C (U \ K*). From Proposition [T} (), U \ K* is open set and hence
(T(MYUK)N(U\K*) =T(M) is open. Similarly, it can be showed that the subset
I'(K) is open. O

Corollary 4. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:
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(1) The subsets M, K are T'-Cl ( T-Cl* )-separated.
(2) The subsets M, K are x-dense-itself.
(3) MUT(K) €t and (M) UK € .

then T'(M) and T'(K) are clopen subsets.

Proof. Tt is obtained from Figure [3] and Theorem [7] O

Theorem 8. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-x-separated.

(2) The subsets M, K are T'-dense-itself.

8) M*UKeT and MUK* € 7.

then M* and K* are clopen subsets.

Proof. From Proposition , M* and K* are closed subsets. We must show that
they are open subsets. Since the subsets M, K are I'-*-separated, M* NT(K) = 0.
So M* C U\I'(K). Since U\I'(K) is open subset, (M*UK)N(U\T'(K)) = M* € .
Similarly, it can be showed that the subset K* is open.

O

Corollary 5. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-Cl ( T-Cl* )-separated.

(2) The subsets M, K are T'-dense-itself.

(B) M*UKeT and MUK* € 7.

then M* and K* are clopen subsets.
Proof. Tt is obtained from Figure [3] and Theorem [§] O

Theorem 9. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are 2*-separated.

(2) The subsets M, K are x-dense-itself.

3) M*UKeTand MUK* € 7.

then M* and K* are clopen subsets.

Proof. From Proposition , M* and K* are closed subsets. We must show that
they are open subsets. Since the subsets M, K are 2*-separated, M* N K* = (). So,
M* C U\ K*. Since U\ K* is open, (M*UK)N (U \ K*) = M* € 7. Similarly, it
can be showed that the subset K™* is open. ([l

Corollary 6. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-Cl ( T'-Cl*, I"-* )-separated.

(2) The subsets M, K are x-dense-itself.
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8) M*UKeTand MUK* € 7.
then M* and K* are clopen subsets.

Proof. From Figure [3] and Theorem [9] it is obtained. O

Theorem 10. Let (U, 7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are *,-separated.

(2) The subsets M, K are x-dense-itself.

3) MUK €.

then M and K are open subsets.

Proof. Since the subsets M, K are *,-separated, M N K* = (. So M C U \ K*.
Since U \ K* is open subset, (M UK)N (U \ K*) = M is in 7. Similarly, it can
show that the subset K is open. O

Corollary 7. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are T-Cl ( T-Cl*, T, %-Cl, x-Cl*, T )-separated.

(2) The subsets M, K are x-dense-itself.

(3) MUK €.

then M and K are open subsets.
Proof. From Figure [3] and Theorem [I0] it is obtained. O

Theorem 11. Let (U, 7) be {0}-space and M, K C U. Then the following state-
ments are equivalent:

(1) The subsets M and K are *,-separated.

(2) The subsets M and K are T-separated.

Proof. Since M*({0}) = CI(M), K*({0}) = CI(K), these expressions are equiva-
lent. (]

Theorem 12. Let (U,7) be {0}-space and M, K C U. Then the following state-
ments are equivalent:

(1) The subsets M and K are 2*-separated.

(2) The subsets M and K are x-Cl*-separated.

(3) The subsets M and K are *-Cl-separated.

Proof. Since M*({0}) = C1*(M) = Cl(M) and K*({0}) = CI*(K) = CI(K), these
expressions are equivalent. O

Theorem 13. Let (U, 7) be {0}-space and M, K C U. Then the following state-
ments are equivalent:

(1) The subsets M and K are I'-x-separated.

(2) The subsets M and K are T'-Cl*-separated.
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(3) The subsets M and K are T'-Cl-separated.

Proof. Since M*({0}) = Cl1*(M) = CI(M) and K*({0}) = Cl*(K) = Cl(K), these
expressions are equivalent. ([l

4. NEw TYPES OF CONNECTEDNESS VIA LocAL CLOSURE

Definition 9. Let (U, 7) be an Z-space and M C U. The subset M is called T'-Cl
(resp. T, T-x, T-Cl*, 2* )-connected if it is not the union of two T'-Cl (resp. T, T'-x,
L-Cl*, 2% )-separated subsets in T-space (U, 7). Otherwise, the subset M is called
not I'-Cl (resp. T, T, T'-Cl*, 2* )-connected . Particularly, if U is T-Cl (resp. T,
-, T-Cl*, 2* )-connected, the Z-space (U, ) is called T-Cl (resp. T, T'-x, I'-Cl*,
2* )-connected L-space.

Theorem 14. In any Z-space,

1) Every I'-Cl*-connected subset is I'-Cl-connected.
2) Every x-Cl-connected subset is I'-Cl-connected.
3) Every T'-connected subset is T'-Cl*-connected.

4) Every %-Cl*-connected subset is T'-Cl*-connected.
5) Every x.-connected subset is I'-connected.

6) Every I'-x-connected subset is I'-Cl*-connected.
7) Every 2*-connected subset is T'-x-connected.

8) Every 2*-connected subset is x-Cl*-connected.

Proof. (1) Let M be I-Cl*-connected subset. Suppose that it is not I'-Cl-

connected. So, there are subsets K, S which are I'-Cl-separated and

KuUS = M. From Theorem, the subsets K and S are I'-Cl*-separated.

Hence, the subset M is not I'-Cl*-connected. This is a contradiction. Con-
sequently, the subset M is I'-Cl-connected.

By using Theorem [1] (or Figure [3]), other proofs are obtained similarly. [

The following diagram is obtained by Theorem [14] and Figure

I-Cl-connected <= I'-Cl*-connected <= I'-connected

T'- % -connected

2*-connected

#-C'l-connected &= *-C*-connected <—— *_-connected <= 7*-connected —— 7-connected

FIGURE 4. Relations among new types of connectedness
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For this diagram, counterexamples and independent concepts are shown in Ex-
ample [3] and Example

Example 3. Consider the I-space in Ezample [

(1) The subset P = {y,z} is T’ (resp. T'-Cl*, T-Cl, T'-x )-connected but not ,
(resp. x-Cl*, %-Cl, 2* )-connected.

(2) The subset R = {a,d} is T'-Cl-connected but not T'-Cl*-connected.

(3) The subset S = {c,d} is T-Cl*-connected but not I'-connected.

(4) The subsetT = {a,c} is %-Cl* (resp. I'-Cl*)-connected but not 2* (resp. I'-x)-

connected.

(5) The subset P = {y,z} is T'-Cl*-connected but not x-Cl-connected. The
subset R = {a,d} is x-Cl-connected but not I'-Cl*-connected. That is, the
concepts of *-Cl-connected and T'-Cl*-connected are independent of each
other.

(6) The subset P = {y,z} is I'-connected but not x-Cl-connected. The subset
R = {a,d} is %-Cl-connected but not I'-connected. That is, the concepts of
T'-connected and x-Cl-connected are independent of each other.

(7) The subset P = {y, z} is T'-x-connected but not x-Cl-connected. The subset
R = {a,d} is x-Cl-connected but not I'-x-connected. That is, the concepts
of I'-x-connected and x-Cl-connected are independent of each other.

(8) The subset P = {y, z} is ['-x-connected but not x-Cl*-connected. The subset
T = {a,c} is x-Cl*-connected but not T'-x-connected. That is, the concepts
of I'-x-connected and x-Cl*-connected are independent of each other.

(9) The subset P = {y,z} is I'-connected but not 2*-connected. The subset
S = {e¢,d} is 2*-connected but not T'-connected. That is, the concepts of
I'-connected and 2*-connected are independent of each other.

(10) The subset P = {y, z} is T'-connected but not x-Cl*-connected. The subset
S = {e,d} is x-Cl*-connected but not I'-connected. That is, the concepts of
I'-connected and x-Cl*-connected are independent of each other.

(11) The subset S = {c,d} is I'-x-connected but not I'-connected. The subset
T = {a,c} is T'-connected but not T'-x-connected. That is, the concepts of
T'-x-connected and I"-connected are independent of each other.

(12) The subset S = {c,d} is T'-x-connected but not x.-connected. The subset
T = {a,c} is *«-connected but not I'-x-connected. That is, the concepts of
I'-x-connected and *,-connected are independent of each other.

(13) The subset S = {c,d} is 2*-connected but not *.-connected. The subset
T = {a,c} is x.-connected but not 2*-connected. That is, the concepts of
2*-connected and *,-connected are independent of each other.

Lemma 3. Let (U,7) be P(U)-space and M be a subset of U. If the subset M
has more than one element, it is not I'-Cl (x-Cl*, %-Cl, T, T'-, T'-Cl*,2* %, )-
connected.
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Proof. Let K,S be nonempty subsets such that M = KU S and KNS =
From Lemma the subsets K and S are I-Cl (x-Cl*, x-Cl, T, T-x, I-Cl*,2* *,
separated. So, M is not I'-Cl (x-Cl*, -Cl, T', I'-x, I'-Cl*,2* %, )-connected.

0.
)-

O

Example 4. Consider the P(R)-space in Example . The subset M = (—00, 3) is
T1-connected but not T-Cl (x-Cl*, %-Cl, T, T'-x, I'-Cl*, 2* )-connected from Lemma
3

According to the I-space given in E:L’ample S = {e,d} is T-Cl (x-Cl*, x-Cl,
L-x, I'-Cl*, 2* )-connected but not T-connected. Moreover, the subset P = {y, z} is
I'-connected but not T-connected.

Consequently, the concepts of T-Cl (x-Cl*, %-Cl, T, T'-x, T-Cl*, 2* )-connected
and T-connected are independent of each other.

Lemma 4. (1] Let (U, 7) be a topological space and M C U. If the subset M is
open, CI(M) = Clo(M).

Lemma 5. If the subset M 1is clopen in any Z-space,
M*CT(M)CM=CIl(M)=_Clg(M).
Proof. 1t is obtained by Lemma |4, Lemma [1| and Proposition . O

Theorem 15. If any Z-space (U, T) is I'-Cl-connected, then it is T-connected. That
is, if the set U is I'-Cl-connected, then U is T-connected.

Proof. Suppose that U is I'-Cl-connected but not 7-connected. So, there is a clopen
proper subset M in this space. From Lemma [f]

T(M)NCI(U\NM)CMnN(U\M)=0
C(M)NT(U\M)CMNU\M)=10
and M N(U\ M) =0. So, the subsets M and (U \ M) are I'-Cl-separated. Since

MU U\ M) ="U, U is not I'-Cl-connected. This is a contradiction. As a result,
U is T-connected. O

Theorem 16. If any Z-space (U, 1) is D-Cl1* (T, T'-x, 2%, x-Cl, x-Cl*, *, )-connected,
then it is T-connected.

Proof. The proof is obtained by Figure [4 and Theorem O

Corollary 8. Suppose that any of the conditions in Theorem[3 is satisfied and let
M be subsets in any I-space (U, 7). Then,

(1) The subset M is T'-Cl-connected if and only if it is x-Cl-connected.

(2) The subset M is T'-Cl*-connected if and only if it is x-Cl*-connected.

(3) The subset M is I'-connected if and only if it is x.-connected.

(4) The subset M is 2*-connected if and only if it is T-x-connected.
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Proof. Tt is obvious from Definition [9] and Theorem [2} O

Corollary 9. Let (U, 1) be an Z-space and M, K be subsets of U .

(1) If the subsets M,K are both I'-separated, T'-x-separated subsets and S =
M UK, then S is not I'-Cl*-connected subset.

(2) If the subset S is not T-Cl*-connected, there are both T'-separated and T'-x-
separated subsets M ,K such that M UK = S.

(3) If the subsets M,K are both 2*-separated, x.-separated subsets and S =
M UK, then S is not x-Cl*-connected subset.

(4) If the subset S is not x-Cl*-connected, there are both 2*-separated and *,-
separated subsets M ,K such that MUK = S.

Proof. Tt is obtained from Theorem [3] and Theorem [ O

The following corollaries are obtained from Theorem Theorem [12] and The-
orem [[3] respectively.

Corollary 10. Let (U, 7) be {0}-space and M C U. Then the following statements
are equivalent:

(1) The subset M is ,-connected.
(2) The subset M is T-connected.

Corollary 11. Let (U, 7) be {@}-space and M C U. Then the following statements
are equivalent:

(1) The subset M is 2*-connected.
(2) The subset M is %-Cl*-connected.
(3) The subset M is %-Cl-connected.

Corollary 12. Let (U, 7) be {0}-space and M C U. Then the following statements
are equivalent:

(1) The subset M is I'-x-connected.
(2) The subset M is T'-Cl*-connected.
(3) The subset M is T'-Cl-connected.

Theorem 17. Let (U, ) be {0}-space and M C U. If the subset M is T-connected,
then it is I' (T-Cl*, T'-Cl, %-Cl, %-Cl*, I'-x, 2* )-connected.

Proof. Let the subset M be 7-connected. From Corollary M is *,-connected.
So, it is T' ( I-C1*, T-Cl, %-Cl, -CIl*)-connected by Figure |4 Moreover M is 2*-
connected and I'-x-connected by Corollary [11| and Corollary respectively. [

Considering {0}-space (U, 7) given in Theorem 17} it is seen that I' ( I-CI*, T-Cl1,
x-Cl, x-Cl*, T-x, 2*)-connectedness is more general concept than the well-known
T-connectedness. Moreover, in this space, *.-connectedness and T-connectedness
are coincident concepts from Corollary However, in any Z-space (U, 7), when
T-connectedness of only the set U is considered in Theorem [15| and Theorem it



274 F. YALAZ, A. KESKIN KAYMAKCI

is seen that the concept of T-connectedness is more general than the concept of I"
(T-Cl*, I-Cl, %-Cl, x-Cl*, T'-x, 2*)-connectedness. So the following result is easily
obtained.

Corollary 13. Let (U, 7) be {0}-space. The following statements are equivalent:

(1) The set U is T'-Cl-connected.
2) The set U is I'-Cl*-connected.
The set U is I'-x-connected.
The set U is 2*-connected.
The set U is %-Cl-connected.
The set U is x-Cl*-connected.
The set U is x4-connected.
The set U is T-connected.

The set U is I'-connected.

(
(
(
(
(
(
(

N N N

3
4
5
6
7
8
9

(
Proof. Tt is obtained by Theorem Theorem [16] and Theorem O

5. THEOREMS ON NEW TYPES OF CONNECTEDNESS VIA LOCAL CLOSURE

Theorem 18. Let (U, 1) be an Z-space. If M is T'-Cl-connected subset of U and
S, T are I'-Cl-separated subsets such that M C SUT, then either M C S or M C T.

Proof. Since M = (M NS)U (M NT) and the subsets S,T are I'-Cl-separated,

T(MNS)NCI(MNT)CT(S)NCIT) =0
CIMNS)NT(MNT) CCIS)NT(T)=10

and (MNS YNMNT) CSNT =0. If (MnS) and (M NT) are nonempty
subsets, the subset M is not I'-Cl-connected. This is a contradiction. So, either
(MNS)=0or (MNT)=10. Since M C SUT, either M C Sor M CT. O

Theorem 19. Let (U, 1) be an Z-space. If M is T-Cl*(resp. T', T'-x, 2*)-connected
subset of U and S,T are I'-Cl*(resp. T", I'-x, 2*)-separated subsets such that M C
SUT, then either M C S or M CT.

Proof. Tt is obtained similar to the proof of Theorem O

Theorem 20. Let (U,7) be an I-space and M, K C U. If M is I'-Cl-connected
subset and M C K CT'(M), then K is I'-Cl-connected subset.

Proof. Suppose that the subset K is not I'-Cl-connected. Then, there exist I'-Cl-
separated nonempty subsets 7', .S such that T'U S = K. Since the subsets S and T
are I'-Cl-separated and M C K = SUT , by using Theorem we have M C S
or M C T. Suppose that M C S. Then, from Proposition (1), T'(M) C I'(S).
From the hypothesis, T C K C I'(M) C I'(S). Since I'(M), I'(S) are closed subsets
by Proposition P}{2), CI(T) C I'(M) C T'(S), and since the subsets S and T are
I-Cl-separated, CI(T) = CI(T)NT(M) C CI(T)NT(S) = 0. That is, T = 0. This



NEW TYPES OF CONNECT. AND INT. VALUE THEOREM IN IDEAL TOP. SPACES 275

is a contradiction. Similarly, a contradiction is obtained if M C T. Consequently,
the subset K is I'-Cl-connected. ([

Theorem 21. Let (U,7) be an I-space and M, K C U. If M is I'-Cl*(resp. T')-
connected subset of U and M C K C T'(M), then K is T'-Cl*(resp. T')-connected
subset.

Proof. Tt is obtained similar to the proof of Theorem O

Corollary 14. Let (U, ) be an Z-space and M C U.

(1) If M is both x-dense-in-itself and I'-Cl-connected subset, then M* is I'-Cl-
connected.

(2) If M is both *-dense-in-itself and T-Cl*(resp. T')-connected subset, then M*
is T-Cl*(resp. T)-connected.

(3) If M is both I'-dense-in-itself and I'-Cl-connected subset, then T'(M) is
I'-Cl-connected.

(4) If M is both T'-dense-in-itself and T-Cl*(resp. T')-connected subset, then
(M) is T-Cl*(resp. T')-connected.

(5) If M is both T'-dense-in-itself and T'-Cl-connected subset, then CI(M) is
I'-Cl-connected.

(6) If M is both I'-dense-in-itself and T'-Cl*(resp. T')-connected subset, then
CIl(M) is T-Cl*(resp. T')-connected.

Proof. (1) Since M is *-dense-in-itself and by Lemma |If M C M* C I'(M).
From Theorem [20], M* is I'-Cl-connected subset.

(2) By using Theorem it is obtained similar to the proof of (T]).

(3) Since M is I'-dense-in-itself, we have M C T'(M) C T'(M). From Theorem
(M) is I-Cl-connected subset.

(4) By using Theorem it is obtained similar to the proof of .

(5) Since M is I-dense-in-itself, M C I'(M) and so M C Cl(M) C CI(T'(M)).
Since I'(M) is closed subset from Proposition[2} 2)), M € CL(M) C CI(T'(M)) =
T(M). That is, M C ClI(M) C T'(M) and M is I'-Cl-connected from the
hypothesis. Using Theorem we obtain that CI(M) is I'-Cl-connected
subset.

(6) Since M is I'-dense-in-itself, M C CI(M) C I'(M) is obtained as in the
proof of (5). M is I-Cl*(resp. T')-connected from the hypothesis. By using
Theorem [21] we obtain that CI1(M) is T-Cl*(resp. T')-connected subset.

O

Theorem 22. Let (U,7) be an I-space and { Ny, : k € A} be a nonempty collection
of I'-Cl-connected subsets of U (where A is arbitrary index set). If (\,ea N # 0,
then \Jpea N is T-Cl-connected.

Proof. Suppose that (J,ca Nk is not I'-Cl-connected. Then, there exist I'-Ci-
separated nonempty subsets T', S such that TUS = (J,ca Ni. Since (,cp Ni # 0,
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there exists a point x € Ny for every k € A. Since T, S are I'-Cl-separated and
z € Upea Nk, we have x € T or x € S. Suppose now that 2 € S. So, Ny NS # ()
for every k € A. Then, by Theorem N C S for every k € A. Therefore,
we obtain (Jyca Ve € S. That is, T' = (). This is a contradiction. Similarly, a
contradiction is also obtained if we suppose that 2 € T'. Consequently, |, Nk is
I'-Cl-connected.

Theorem 23. Let (U, 1) be an Z-space and { Ny, : k € A} be a nonempty collection
of D-Cl*(resp. T', T'-x, 2%)-connected subsets of U. If (\ca Nk # 0, then Uy Ni
is T-Cl*(resp. T, T'-x, 2*)-connected.

Proof. By using Theorem [19] it is obtained similar to the proof of Theorem O

Theorem 24. Let (U,7) be an Z-space, {Ny : k € A} be a nonempty collection of
I-Cl-connected subsets and M be T'-Cl-connected subset. If M N Ny # () for every
ke A, then M U (U,ca Ni) is a T-Cl-connected subset.

Proof. For every k € A, since Ny and M are I'-Cl-connected subsets such that
M N Ni # (0, by using Theorem we obtain that the subset M U Ny are I'-Cl-
connected for every k € A. Since M C M U Ny, for every k € A, M C [, cA(M U
Ni) # 0. From Theorem Urea(MUNL) = MU(Upea Ni) is a I-Cl-connected
subset. O

Theorem 25. Let (U,7) be an Z-space, {Ny : k € A} be a nonempty collection
of T-Cl*(resp. T, T'-x, 2*)-connected subsets and M be T'-Cl*(resp. T, T'-x, 2*)-
connected subset. If M N Ny # 0 for every k € A, then M U (Upca Ni) is a
L-Cl*(resp. T, T'-x, 2*)-connected subset.

Proof. By using Theorem [23] it is obtained similar to the proof of Theorem O

Theorem 26. Let (U, T) be an I-space and { Ny : k € N} be a nonempty collection
of T-Cl-connected subsets such that Ny N\ Nyy1 # O for every k € N. Then ey Ni
is a I'-Cl-connected subset.

Proof. We can use induction method. Firstly, V7 is I'-Cl-connected. Now assume
that the theorem is true for £ — 1. That is, Ny U Ny U... U Ni_q is I'-Cl-connected.
From Theorem M), = NyUN,U...UNy, is T-Cl-connected and (), oy My = N1 #
(. Again from Theorem Uren Mk = Upen Ni is a I-Cl-connected subset. [

Theorem 27. Let (U, 7) be an Z-space and { Ny, : k € N} be a nonempty collection
of T-Cl*(resp. T, T-x, 2*)-connected subsets such that Ny N Ngy1 # O for every
ke N. Then J,ey Ni is a T-Cl*(resp. T', T'-x, 2*)-connected subset.

Proof. By using Theorem 23] it is obtained similar to the proof of Theorem [26] O

Theorem 28. Let (U,7) be an I-space and M C U. If for each distinct pair of
points a,b € M there is a I'-Cl-connected subset E such that a,b € E C M, then
M is T'-Cl-connected subset.
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Proof. Suppose that the subset M is not I'-Cl-connected. Then there are I'-CI-
separated nonempty subsets S, K such that SUK = M. Let a € S and b € K.
By hypothesis, there is I'-Cl-connected subset E such that a,b € E C M. Since
EFECSUK, EC Sor FECK by Theorem Suppose that £ C S. So,
be SNK # (. This is a contradiction. Similarly, a contradiction is obtained if we
suppose that £ C K. O

Theorem 29. Let (U,7) be an I-space and M C U. If for each distinct pair of
points a,b € M there is a D-Cl*(resp. T, T'-x, 2*)-connected subset E such that
a,be EC M, then M is T'-Cl*(resp. T', T'-x, 2*)-connected subset.

Proof. By using Theorem [19] it is obtained similar to the proof of Theorem 28] O

Theorem 30. Let (U,7) be I'-Cl-connected I-space, M be T'-Cl-connected subset
and K,C be I-Cl-separated subsets. If U\ M = K U C, then both M U K and
M UC are I'-Cl-connected subsets.

Proof. Suppose that M U K is not I'-Cl-connected. There are I'-Cl-separated
nonempty subsets S, T such that SUT = M UK. Since M C SUT = MUK
and M is a [-Cl-connected subset, M C S or M C T, by Theorem Suppose
that M CT. Then, SUT = MUK CTUK, and so S C K. Since K and C are
I'-Cl-separated subsets, S and C are I'-Cl-separated subsets. So,

[(S)NCUT UC) = [[(S) N CUT)] UL(S) N CLC)]| =
Cl(S) NT(TUC) = [CI(8) NT(T)] U[CL(S) NT(C)] =

and SN(TUC) = (SNT)U(SNC) = 0. As aresult, S and TUC are I'-Cl-separated
subsets. Since U\ M = KUC, we have U = M U(KUC) = SU((T'UC). This
contradicts with the fact that (U, 7) is an I'-Cl-connected Z-space. Consequently,
the subset M U K is I'-Cl-connected.

If M C S, a contradiction can be obtained again in this way. Similarly, it can
be proved that M U C' is I'-Cl-connected subset. (|

Theorem 31. Let (U,7) be T-Cl*(resp. T, T'-*, 2*)-connected I-space, M be a
D-Cl*(resp. T, T'-x, 2*)-connected subset and K, C be I'-Cl*(resp. T', T'-x, 2*)-separated
subsets. If U\ M = KUC, then MUK and M UC are I'-Cl*(resp. T', T'-x, 2*)-
connected subsets.

Proof. By using Theorem[19] it is obtained similar to the proof of Theorem O

Theorem 32. Let (U, ) be an Z-space and M, K be I'-Cl-connected subsets of U.
If these subsets are not I'-Cl-separated, then M U K is I'-Cl-connected subset.

Proof. Suppose that M U K is not I'-Cl-connected subset. So, there are I'-Cl-
separated nonempty subsets S,7T such that SUT = M U K. Then, we have
M C SUT and K C SUT. From Theorem there are four cases to be considered:

(1) MCSand KCS
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2) MCSand KCT

B) MCTand KCT

(4) MCTand KCS
If case or case is satisfied, then T = @ or S = 0, respectively. Both are
contradiction.

Suppose that case is satisfied. If M = S and K = T, then the subsets M
and K are I'-Cl- separated This is a contradiction. If M C S, then T C K due to
SUT =MUK. Slmllarly, if K ST, then S G M. These contradlct w1th case .
Additionally, for case , we obtaln similar contradlctlons Consequently, M U K
is I'-Cl-connected subset. O

Theorem 33. Let (U,7) be an I-space and M, K C U. If these subsets are not
L-Cl*(resp. T, T'-x, 2*)-separated, then MUK is T-Cl*(resp. T, T'-x, 2*)-connected
subset.

Proof. By using Theorem [19] it is obtained similar to the proof of Theorem O

Lemma 6. Let (U, 7) be an Z-space and M, K be subsets of U. Then
I'(M N K) C T(M)NT(K).
Proof. Let x € T(MNK). Then, [CI(O)N(MNK)] ¢ T for every O € 7(x). Because

of the definition of ideal, CI(O)NM ¢ T and CI(O)NK ¢ Z. So, z € T'(M) and
x € I(K). That is, x € T(M) NT(K). O

In the following example, we show that the inclusion T(M N K) CT(M)NT(K)
strictly hold.

Example 5. Consider the Z-space in Example . In Table|l, T(ANB) =0 &
{a,b,c} =T(A)NT(B).
Theorem 34. Let (U, ) be an Z-space. If the following conditions are satisfied for
the subsets M and K :

(1) The subset K is both T-Cl-connected and closed.

(2) T(M) CCUM) and T(U\ M) CCI(U\ M).

(3) KNM #0 and KN (U\ M) # 0.
then K N Bd(M) # ) where Bd(M) is boundary of the subset M.
Proof. Suppose that KNBd(M) = (. So, KN(CI(M)NCI(U\M)) =
K can be expressed as K =UNK = (MU{U\M))NK = (MNK)U(
Then, by using Lemma [6]

IMNK)NCI((U\M)NK)

(). The subset
(U\M)NK).

D(M)NT(K)N[CUU \ M) N CUEK)]

NTE)NCIU\M)NK =10
CI(MNK)NT(({U\ M)NK) NCUK)N DU\ M)NT(K))

NKNCI(U\M)NT(K) =10

/_\AA
~— — ~—
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and (MNK)N((U\M)NK) =0 . Therefore, the subset K is not I'-Cl-connected.
This is a contradiction. Consequently, K N Bd(M) # 0. O

Theorem 35. Let (U, 7) be an Z-space. If the following conditions are satisfied for
the subsets M and K :

(1) The subset K is I'-connected.

(2) (M) CCUM) and T(U\ M) C CI(U\ M).

(3) KNM #0 and KN (U\ M) # 0.
then K N Bd(M) # 0.
Proof. Suppose that KNBd(M) = 0. So, KN(CI(M)NCIL(U\M)) = 0. The subset
K can be expressed as K =UNK = (MU{U\M))NK = (MNK)U(U\M)NK).
Then, by using Lemma [6]

TIMNEK)N(U\NM)NK)CT(M)NT(K)N(U\M)NK
CCM)NT(K)NCHU\M)NK =1

(MNE)NT(U\M)NK)C MNKNT(U\ M)NT(K)
CCIM)NKNCU\M)NT(K) =10

and (M NK)N((U\M)NK)={(. Therefore, the subset K is not I'-connected.
This is a contradiction. Consequently, K N Bd(M) # 0. O

Theorem 36. Let (U, 7) be an Z-space. If the following conditions are satisfied for
the subsets M and K :

(1) The subset K is both I'-Cl*-connected and *-closed.

(2) (M) CCl*(M) and T(U\ M) CCI*(U\ M).

(3) KNM #0 and KN (U\ M) # 0.
then K N Bd*(M) # ) where Bd*(M) is boundary of the subset M with respect to
T*.

Proof. Suppose that K N Bd*(M) = 0. So, KN (CI*(M)NCI*(U\ M)) = 0. The
subset K can be expressed as K =UNK = (MU({U\M))NK=MnNK)U((U\

M)N K). Then,
TMNK)NCIr(U\M)NK) CT(M)NT(K)N[CI*(U\ M)NnCIl*(K)]

c
CClrrM)NI(K)NnCl*(U\M)NK =10

CI*(MNEK)NT((U\ M)NK) C CI*(M) N CI*(K) N [D(U \ M) N T(K)]
C oM

Cl
Cr(MyNKNClI*(U\M)NT(K) =10
and ( MNK)N (KN U\ M)) =0 . Therefore, the subset K is not I-Cl*-

connected. This is a contradiction. So, K N Bd*(M) # 0.
O
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Corollary 15. Let (U,7) be an T-space. If the following conditions are satisfied
for the subsets M and K :

(1) The subset K is T'-x (2* )-connected and x-closed.
(2) (M) CClI*(M) and T(U\ M) CCI*(U\ M).
3) KNM#0 and KN(U\ M) #0.

then K N Bd*(M) # 0.

Proof. Tt is obvious from Figure [d] and Theorem O

Theorem 37. Let (U, 7) be an Z-space. If the following conditions are satisfied for
the subsets M and K :
(1) The subset K is I'-connected.
(2) (M) CCI*(M) and T(U \ M)
(3) KNM#0 and KN(U\ M) #
then K N Bd*(M) # (.

Proof. Suppose that K N Bd*(M) = 0. So, K N (CI*(M)NCl*(U\ M)) =0. The
subset K can be expressed as K =UNK =(MUU\M))NK =(MnK)U((U\
M) N K). Then

TMNEK)N(U\M)NK)

C o (U \ M).
0.

D(M)NT(K)N(U\M)NEK

-
Corr(M)NTK)NC*(U\M)NK =10

(MANEK)NT((U\M)NK)C MAKN[DU\M)NT(K)]
COrF(M)NKNCI U\ M)NT(K) =0

and M NK)Nn (KN U\ M)) =0. Therefore, the subset K is not I'-Cl*-
connected. This is a contradiction. Finally, K N Bd*(M) # 0.
(]

6. NEw TYPE COMPONENTS VIA LOCAL CLOSURE

Definition 10. Let (U,7) be an Z-space and x be a point of U. The union of all
T-Cl(resp. T-Cl*, T, T'-x, 2*)-connected subsets that contain the point x is called
L-Cl(resp. T-Cl*, T, T'-x, 2*)-component of U containing x. That is, we define a
D-Cl(resp. T-Cl*, T, T'-x, 2*)-component of the point x as follows:
(1) The subset Cr.ci(xz) = U{M C U : M is I'-Cl-connected and v € M} is
called T'-Cl-component of the point x.
(2) The subset Cr.cp=(x) = J{M C U : M is T-Cl*-connected and x € M} is
called T'-Cl* -component of the point x.
(3) The subset Cr(x) = U{M C U : M is I'"-connected and x € M} is called
I'-component of the point x.
(4) The subset Cr_v(z) = U{M C U : M is I'-x-connected and x € M} is called
I'-x-component of the point x.
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(5) The subset Co-(x) = |J{M C U : M is 2*-connected and x € M} is called
2*-component of the point x.

Theorem 38. Let (U,7) be an I-space and x be a point of U.
(z

(1) The subset Cr-ci(x) is I-Cl-connected subset which contains x.
(2) The subset Cr_ci(x) is mazimal T'-Cl-connected subset which contains x .

Proof. (1) Since z € ({M C U : M is I-Cl-connected and x € M} # 0,
Cr.ci(x) =J{M C U : M is T-Cl-connected and = € M} is I'-Cl-connected
by Theorem

(2) It is obvious from Definition [10] and (T)).
]

Theorem 39. Let (U,7) be an Z-space and x be a point of U.
(1) The subset Cr.ci=(z)(resp. Cr(x), Cro«(x), Cox(x)) is T-Cl*(resp. T, T-x, 2%)-
connected subset which contains x.
(2) The subset Cr_ci+(x)(resp. Cr(z), Cr.(x), Cox(x)) is maximal T-Cl* (resp. T', T'-x, 2%)-
connected subset which contains x .

Proof. By using Theorem [23| and Definition [10], it is obtained similar to the proof
of Theorem B§] . O

Theorem 40. Let (U, 1) be an Z-space and x,y € U. Then

(1) Cr-ci(z) NCr-ci(y) =0 or Crci(x) = Cr.c1(y)-
(2) The set of all distinct I'-Cl-components forms a partition of U.

Proof. (1) Let Cr.ci(z) N Cr.ci(y) # 0. From Theorem and Theorem
Cr.ci(z) UCr.ci(y) is I-Cl-connected. We have Cr_¢i(z) C Cr.¢i(x) U
Cr-ci(y) and Cr_ci(y) C Cr.ci(x)UCr.ci(y). From Theorem—7 Cr.ci(x)U
Cr-ci(y) € Cr.ci(x) and Cr.ci(z) U Cr.ci(y) € Cr.cu(y). So, Cr.ci(x) U
Cr-ci(y) = Cr-ci(z) = Cr-ci(y)-

(2) Since U,y Cr-ci(z) = U, it is obvious from .

[l

Theorem 41. Let (U,7) be an Z-space and x,y € U. Then,
(1) Cr-ci-(x) NCr_ci+(y) = 0 or Cr_ci-(x) = Cr-ci-(y).
(2) Cr(z)NCr(y) =0 or Cr(z) = Cr(y).
(3) Cr-s(z) NCr(y) =0 or Cr..(z) = Cr(y).
(4) CQ*( )ﬂCQ*( )_@ OTCQ*( ) CQ*(:U)
(5) The set of all distinct Cr_cy«(x)(resp. Cr(x), Cr.«(x), Cox(x))-components
forms a partition of U.

Proof. By using Theorem [39 and Theorem [23] all statements above are obtained
similar to the proof of Theorem [10] O

Theorem 42. Let (U,7) be an I-space. If M is I'-Cl-connected and nonempty
clopen subset of U, then M is T'-Cl-component.
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Proof. Let Cr.ci(x) be I'-Cl-component of the point ¢ € M. From Theorem 38}(2),
M C Cr.ci(x). Suppose that M G Cr.ci(x). Then, (M N Cr.ci(x)) N[(U\ M) N
Cr.ci(z)] =0 and (M NCr.ci(z)) U[(U\ M) N Cr.ci(z)] = Cr.ci(z). From Lemma

Bl
T(M)NCU\NM)CO(M)NU\M)=Mn{U\M)=0
CIIM)NT(U\M)CMNC(U\M)=Mn{U\M)=10
These imply that

T(M O Crc(z)) N CL(U\ M) N Crca(z)) = 0
CI(M N CF_CI(QS)) n F((U \ M) N Cp_c'l(l‘)) =0

So, Cr.ci(x) is not I'-Cl-connected. This is a contradiction. Consequently, M =
Cr.ci(z). That is, M is I'-Cl-component. O

Theorem 43. Let (U, 1) be an Z-space. If M is T-Cl*(resp. T', T'-x, 2*)-connected
and nonempty clopen subset of U, then M is I'-Cl*(resp. T', T'-x, 2*)-component.

Proof. By using Lemmal [B] it is obtained similar to the proof of Theorem O

7. THE IMAGE OF NEwW TYPES OF CONNECTEDNESS UNDER A CONTINUOUS
MAP IN IDEAL TOPOLOGICAL SPACES

f:(U,7m1,7) — (Y,72) is continuous map means that f : (U,71) — (Y, 72) is
continuous.

Theorem 44. Let (U,71) be I'-Cl-connected Z-space and (Y, 72) be any topological
space. If f: (U, 71,Z) — (Y, 72) is a continuous map, then f(U) is To-connected.

Proof. From Theorem[I5], the set U is 7;-connected. Since the image of a connected
space under a continuous map is connected, f(U) is To-connected. O

Corollary 16. Let (U,71) be T-Cl* (T, T-x, 2*, x-Cl, x-Cl*, *, )-connected I-space
and (Y, T2) be any topological space. If f : (U,11,1) — (Y,72) is a continuous map,
then f(U) is To-connected.

Proof. It is obvious from Theorem [#4] and Figure O

Corollary 17. Let f : (U,71,Z) — (Y, 72) be continuous and surjective function.

If U is T-Cl (D-Cl*, T, T-x, 2* )-connected, then Y is T-connected.

Proof. Tt is obvious from Theorem 4] and Corollary [T6] O
It is shown in [14] that Corollary is also satisfied for *-Cl (x-Cl*, x.)-

connectedness. This is clear from Theorem and Corollary Because I'-Cl-
connectedness is more general than x-Cl (x-Cl*, *,)-connectedness.
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Theorem 45. [25/(Intermediate Value Theorem) Let f : (U,71) — (Y, 72) be con-
tinuous map, where (U, T1) is a 71-connected topological space, Y is an ordered set
with 7 <7 and T4 is order topology on Y. If a,b € U and f(a) < r < f(b), then
there exists a point ¢ € U such that f(c) =r.

Now, we give the intermediate value theorem for the ideal topological spaces.

Theorem 46. Let f : (U,11,Z) — (Y, 72) be continuous map, where (U, 71) is a
L-Cl (T-Cl*, T, T-x, 2*, %-Cl, *-Cl*, *, )-connected T-space, Y is an ordered set
with 7 <7 and 79 is order topology on'Y. If a,b € U and f(a) < r < f(b), then
there exists a point ¢ € U such that f(c) =r.

Proof. From Theorem (and Corollary , the set U is 71-connected. That is,
(U, 71) is connected space. Then, the claim is obtained by Theorem O

Specially, if we choose the minimal ideal Z = {(} in Theorem by using
Corollary we obtain the intermediate value theorem. That is, a special case of
Theorem |46| gives the intermediate value theorem.
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