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1. Introduction and Preliminaries

A regular curve in Minkowski space-time, whose position vector is composed of Frenet frame vectors
on another regular curve, is called a Smarandache curve [17]. Special Smarandache curves have
been studied by some authors. Turgut and Yilmaz’s article deals with interesting knowledge of
special Smarandache curves in the space E}. For example, they obtained another orthonormal
frame [17]. In the light of the reference [17], Ali adapted Smarandache curve to regular curves in
the E3 [2]. Ergiit et al. defined the isotropic types of Smarandache curves. Then they examined
these kinds of isotropic Smarandache curves according to the Cartan frame in the complex 4-space
[6]. By using the Darboux frame, Bektag and Yiice obtained the results about Smarandache curves
[4]. In another study, they studied the spatial quaternionic curve and the relationship between
Frenet frames of the involute curve of the spatial quaternionic curve which are expressed by using
the angle between the Darboux vector and binormal vector [15]. Senyurt et al. used special curves
as a base to create Smarandache curves, and then studied their geometric properties [12-14]. Al-
Dayal and Solouma study some properties of spacelike Smarandache curves regarding Bishop frame
of a spacelike curve in Minkowski 3-space [1]. There are many studies about Smarandache curves
[9, 11, 16]

Huygens discovered an involute-evolute curve while trying to build a more accurate clock.

The involute of a curve is a well-known concept in the Euclidean space [7, 8, 10]. The involute-
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evolute curve has attracted mathematicians’ attention. In [5], authors found the relationships
between the Frenet frames of the timelike curve and the spacelike involute curve. In another study,
Bishop curvatures of the involute-evolute curve were examined and some important results were
found [3].

In this paper, the invariants of the Smarandache curves, which consist of Frenet vectors of
the involute curve, are calculated in terms of the evolute curve.

The inner product can be given by

(,)=a%+a5+a3,

where (x1,%2,73) € E3. Let o : I — E® be a unit speed curve with the moving Frenet frame
{Vi(s),Va(s),V5(s)} the moving Frenet frame. For an arbitrary curve o € E3, with first and

second curvature k; and ko, respectively, the Frenet formulas are given by [7]

Vi'(s) = k1(s)Va(s),
V2'(s) = =k1(s)Vi(s) + ka(s) Vs (s),
V3'(8) = —ka(s)Va(s).

For any unit speed curve a: I - E?, the vector W is called Darboux vector defined by
W= ]CQVl + kl‘/g

If we consider the normalization of the Darboux vector C = H—MW, we have

sing = ﬂ cos @ = il
Wi’ W

and
C =sin@V; + cos @Vs,

where (W, V3) =@.

Theorem 1.1 [10] Let the Frenet frames of « and oF be {Vi(s),Va(s),Vs(s)} and
{Vi*(s), V2" (s), V3" (s)} respectively. The relations between the Frenet frames are as follows;
Vi'(s) = Va(s),

V2" (s) = —cos@Vi(s) +sin@Vs(s), (1)
V3*(s) =sin@Vi(s) + cos aV3(s).

Definition 1.2 [7] Let unit speed reqular curve o: I - E3 and o : I - E? be given. For all sel,
the curve a* is called the involute of the curve « if the tangent at the point a(s) to the curve «

passes through the tangent at the point a*(s) to the curve o* and (V1(s),V1*(s)) =0. The curve

« 15 called the evolute curve.
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Theorem 1.3 [7] The distance between corresponding points of the evolute-involute curve in E?

is, for all sel
d(a(s),a*(s)) =le— s,

where ¢ is a constant.

Theorem 1.4 [10] Let (a,a*) be a evolute-involute curves in E3. For the curvatures and the

torsions of the evolute-involute curve (o, ) we have

\VJ k‘12 + ]{122

k¥ =
! (c—s8)ky

,A=c— s,

. kiks' = k1'ky
5" = .

(C - S)kl(klz + k22)

2. Smarandache Curves of Involute-Evolute Curve Couple According to Frenet Frame

In this subsection, special Smarandache curves belonging to involute curves such as Vi*V5",
Vo V3™, Vi*Vs* and V"V Vs* drawn by Frenet frame are defined. Curvatures and torsions of

involute curves are expressed depending upon the evolute curve and some related results are given.

Definition 2.1 Let (a,a*) be a evolute-involute curves in E®. Vi*Va* - Smarandache curve can
be defined by
1

V2

If equation (1) is taken into account, the above expression is

ﬂl(s) = (V1*+V2*).

—cos@Vi + Vo +singVs

ﬁl(s) = \/§

Theorem 2.2 Frenet vectors of Smarandache curve By are given as follows;

(@'sin@ — k1) Vi = |[W|Va + (2" cos @ + k2) V3
T, = 5 ) (3)
@' +2|W|>2

n V1 +wa Vo + w3 Vs
Nﬁ _ wi1Vi twaVa +wWsVs

1 — — — )
\/w12 +w22 +W32

(—HW”LJg - (@’ cos g + ]fg)(ﬁg)‘/l + (ajl(@, cosg + k‘g) —CJ3(®, sing@ — kl))‘/g
V(22 +2|W2) (@) + W +w3)

1

. (dg(@'sing - k‘1) + Wi HW”)V3 .
V(@ +2|W2) (@) + @y + ws)
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Here, the coefficients are
w1 = (2" sing+ @' cos @ — k' + by [W])\/ 22 + 2| W2
~(ofsing - k) (VI T AW |
G = WP - W1+ 210 + (W] (o7 + 2IW )
W3 = (2" cos@ - @' sin@ + ko' — ko |[W|)\/ @2 + 2| W |2

(& cos @ + k) (VT +2[WIE) .

Proof The derivative of the equation (2) is

g =T dsp, _ (&'sing — k1)Vi = [W|[Va + (&' cos @ + ko) V3
1 B1 ds \/5

By taking the norm of the above equation, we can write

dss, |27 +2[W|?
ds 2

If necessary operations are taken, the tangent vector is

(2'sin@ — k1)Vi = |[W|Va + (&' cos @ + k2) V3

Vo't + 2| W2

TBI (5) = <4)
In the light of the pieces of information, the principal normal and the binormal vectors are
respectively given by

w1 Vi + w2V + w3V

No = -2, -2, -2
w1+ w2 + w3

(—HW”LJ;), - (@’ COsSJ + kQ)LJQ)Vl + (uﬁ(@l Ccos J + kg) —CJ3(®, sin@ — k‘l))‘/g
V(@ + 2| W2) (@) + s +w3)

. (w2(@'sin@ - k1) +wi [W]) Vs
V(@ +2|W[2) (w1 +ws +ws)
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Theorem 2.3 Curvature and torsion belonging to Smarandache curve By are, respectively

2
kig Ls ((@"sin®+®’2cos®—k1'+k1\|WH) @'% + 2| W2
' (2% +2|W[?)>
]
~(@'sing- k) (Vo 2 W2) )+ (W1 - W 2w
r 2
4wvvn(\/@ﬂ-+zanw) ) + (2" cos @~ sing + k'~ ko[ W)
1
r.2\?2
\/@’2+2HW\|2—(@'cos®+k2).(\/®’2+2\|W||2) ) ) :
V2[i(2" sing + 30'0" cos @ - &' sing ~ ky" + ky |W || + 2k, [ W
ki [W2) + (@ | W = kika = koko' + [W2 = 2| W[ [W] + [W|")
+173(2" cos @ - 30’ 2" sin@ — &> cos @ + ko' — ko' |[W | = 2k [ W' - kQHW“2):|
k ;
25 512 + 522 + I/E),2
where

7=~ [W(2" cosz - & sing + ks’ ~ ko[ W) + (|W[2 + [W|')(& cos B + k»),
7 = (& cos@ + k) (2" sin@ + @ cos @ — ki + ki|W|) - (2" sin@ - k1) (2" cos @

—g?sing + ko' — ko |[W]),

3= (@' sing — k) (= |[W|* = [W]") + |W|(2" sine + @ cos - ki’ + ki |W]).

Proof The first curvature is

kg, = T3, I
Taking the derivative of the equation (4), we obtain

wi V1 +waVa +w3Vs
(2% +2|W|2)2

T4, (5) = V2

If the expression (6) is written in (5), the first curvature is

- 2 5.2 5.2
Vwie +we® +ws
kig, = |T4, || = V2

(2 +2|W|?)3

If the coefficients are written instead, the desired result is obtained.

To calculate the torsion of the curve 3y, we differentiate



Selin Sivas, Siileyman Senyurt, Abdussamet Caligkan / FCMS

"o @( [ ) W2 (ks = ki kp)?
1 (c=9)k1)  (c-s)2ki®  (c-9)hk2[W]*

r_ / r_ ’ , 2
csing( W1 b Gk kaka))))vﬁ( W

(c—5)2k 2 |W 4 (c=s)ki|[W|? (c—5)2k,>

& ) sin ( Wi ),‘ W12 (kike' = ko)
+(<c—s>k1 )V( Q( (c=9)kr)  (e=sks®  (c=9)k” [ W

/ / / / !
+COS®( W (k1ks' - krk2) +((k1k:2 ey kg)) ))V3

(c= )2k W4 (c=s)ka|[W]?
and thus
(=1 cos@ +n3sin@) Vi +m Vo + (Mo sin@ + 173 cos @) Vs
1 = 9
V2
where

M =2"sing+30'0" cos@ - @' sing - k" + k' |[W| + 2k [W | + ke [W] 2,
_ 2
=@ |W| - kiky' = kaks + [WI° = 2|W W]+ [W]",

i = @" cos @ - 302" sin@ - &' cos @ + ky" — k' |[W | = 2k [ W] = ko |[W .
The torsion is then given by

L det(B1.BY. )
R TN

\/5[171(®’" sing + 300" cos@ - @' sing — k" + k' |W| + 2k, [W’
+hr [W2) + (@2 |W | = kika = koks' + |W|? = 2| W] [ W]’
W) + v3(2" cos @ - 3072" sin@ — @ cos @ + ks" — k' |[W||

2 | W~ ko | W)

kog, =
& 12+ 1752 + 32
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Definition 2.4 Let (a,a*) be a evolute-involute curves in E3. Vo*Vs* - Smarandache curve can
be defined by
1

Pa(s) = \/i(Vz* +V5").

If equation (1) is taken into account, the above expression is

(sin@ — cos@)V; + (sin@ + cos @) V3

Ba(s) = 7

Theorem 2.5 The Frenet invariants of the Ba curve are given as follows;

(&' cos @+ @' sin@) Vi — |W||Va + (' cos @ — @' sin @) V3

Ts, =
’ 202 + [ W2 ’
GVi+QVa+GVs
N, = /=2, -2, —2
G1” G2 +¢3
By, - —HWHq},—(@’cos@—@’sin@)(gv

V27 + [W]2(a% + &%+ G2)

. (&' cos @ - @' sin@)$ — (&' cos @ + &' sin @)z

Va
V20 + [W]2(a2% + @2+ G?)

. [Wé + (@' cos@ + @' sin@)&

39
V20 + [W]2(a% + @2+ G2)

V2

kig, = (2/2|VV|2)3(((Q"COS@—®’2sin®+®”sin®+®'2cos®
g+ 2

N
kW20 + W2 - (\/2®’2+ IW[?) ) (& cose

+@'sin@) + ((IWI@' —[WiNV2e? + W2+ W]

"2
( 2@’2+|W|2)) +((cos@(@"—@'Q)—sin@(@"+®'2)—k2||WH)

N

.2
\/2®’2+HWHQ—(@'COSQ—@'sin@)( 2@'2+\|wn2) ) ) ,
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\/i[hl(g"’ cos@ - 30’ sin @ — @' cos @ + 2" sin @ + 302" cos @
~@"sing + k| W + 2k [W|' — ka2’ |[W]) + ha(22" |[W | + 22 |W|
+H W3+ [W|'e" = [W|") + hs(2" cos @ - 30" 2" sin @ — 2" cos @
~" sin@ - 302" cos @ + @' sin@ — ko' |[W || - 2k | W’ + ko' W)

;
h12 + h22 + h32

k2g,

where

G =(2"coso -2 sing+ 2" sing+ 2" cos @ + ky |[W|)\/2272 + |W |2
!
—(@' cos@ + @' sin @) (\/2@’2 + ||WH2) )
4
&= (IWle! - IWI/20 < W + 1) (/227 < [W2) |
G = (2" cosg -2 sing - @ sing - @' cos @ - ky|[W|)\/20'% + |[W|2

!
—(&' cos @ - &' sin @) (\/2@’2 + ||WH2) .

hy = —|W[(2" coso -2 sing - @" sing - &' cos @ — ko |[W])
-(@'cos@ - a'sinz) (W2’ - [W]'),
hy = (2 cos@ - &' sin@) (2" cos @ — @' sin@ + @ sin@ + &' cos @ + ky [W])),
(' cos @+ &' sin@) (2" cos@ - @' sin@ - @ sin@ - &' cos @ — ko |[W])
hs = [W|(2" cos@ - 2" sing + @ sing + @ cos @ + ky |[W])

+(@' cos@ + @' sin@) (|W|a' - |[W]')-

Proof The theorem is similar to Theorem 2.2 and Theorem 2.3, therefore we omit its proof. O
Definition 2.6 Let (a,a*) be a evolute-involute curves in E®. Vi*V3* - Smarandache curve can
be defined by

B3(s) = %(Vl* +V3").

If equation (1) is taken into account, the above expression is

_sin@Vj + V5 + cos oV

Ba(s) = NG
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Theorem 2.7 The Frenet invariants of the B3 curve are given as follows;

(@’COS@ - k’l)‘/l + (—@l sin@ + k’g)Vg

Tsy = >
Vo't =20 |W |+ [W]2
01 Vi +03Vo +03V3
Nos = ~2 .2, ~2
01 +01° + 03
B [(QISiHQ - k2)62]V1 + [(@l sin@ — k2)61 - (@’ Ccos & — ]ﬂl)&g]%
Bz =

V(012 +01% +032) (2% - 20/ |W | + [W]?)

[(2' cos@ - k1)02]V3
V(a2 +01%+032) (27 - 20/ |[W| + |[W]2)

V2 2
k1. @' cos@ - @' sing - k' )\ 2% - 20 |W | + |[W ]2
R P emETT T Tmr MV W +1w]
2
(@ cosz - k1) (27 ~ 20 [ W]+ [W]?)') + (@ W] - W22
(27 =20 |W| + |[W]?) + ((—@”sin@ — "% cosD + kg')\/®’2 — 20! |[W | + |[W2
1
A 2 2
—(—@’sin®+k2)(\/®’2—QQ’HWH+||WH2)) ) ,
\/5[(@'”005@- 300" sing - @' cos @ — k" — k1@ | W] + k| W(2)p
"W = kiki” = koko" + " |W [ + 2| W] = 2|W [ [W]")p
+(-2"sin@ - 30’0 cos @ + @ sing + ko + ko |W | - ko |W(2)ps
k2, 512 4 92 4+ pal )
p1~ +tp2” +p3
where

01 = (2" cos@ - sing - kll)\/®’2 =20/ |W| + |W|?

—(2' cos @ — kl)(\/Q’Q -20'|W| + HWHQ),a

@ W] - [W]*)\ 27 - 227 | W + [ W2,

02

(-2"sing - @' cos@ + kg')\/®’2 =20 |W || + |W|?

03

~(~2'sing + k) (V&? — 22 [W] + [W]2)’;
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1= (2'sing — ko) (&' [W] - [W]?),
P = (&' sing - k) (2" cos @ - @' sing — k') — (& cos @ — ky)

(~2" sing - @"* cos @ + ky'),

Ps = (&' cos @ = k1 )(&'|W] - [W]?).

Proof The theorem is similar to Theorem 2.2 and Theorem 2.3, therefore we omit its proof. O

Definition 2.8 Let (a,a*) be a evolute-involute curves in E3. Vi*Vo*Va* - Smarandache curve

can be defined by

1

54(8) = \/g

(F+ Vo™ + V3™).

If equation (1) is taken into account, the above expression is

(sin@ - cos @)V + Vo + (cos @ + sin @) V3

Ba(s) = 7

Theorem 2.9 The Frenet invariants of the B4 curve are given as follows;

T (Q'cos@ +@'sing - k‘l)Vl —[W Vs + (Q’COSQ— o' sin @ + kg)Vg
Bs = ,
V22 - |W+ W)

Vi +g2Va+g3Vs

G2+ a2+ gs?

B ( ~[W|gs - (& cos@ - &' sin@ + k) i )V
B = 1
’ V22 -2 [W +[W][2)(6:% + 322 + g5°)

((Q' cos@— @' sing + kg)g’l - (@’COSQ +@'sing - k‘l)g}, )V
2
V2(2” - [W] + [W[2)(g:2 + 522 + g52)

( W g1 + (&' cos@ + &' sin@ — k1 ) o )V
+ 3
V22" - [W] + [W[2) (42 + 522 + g52)
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V3
2((2 - 22/ |W| + [W2)?)

(((Q"cos@ -2 sing + 2" cos@ + & cos @ - ki’

I\ 2
k[ WI 2 -2 |W ]+ W2 - (Ve -/ [W] + [W]2) ) (2 cos o

2 sing - k) + ((|W]e' - [W]? - [WIe? -2 W]+ [W]2

\2
+HW\|(\/®’2 - |W| + HWHQ) ) + ((Q"cos@—@'2 sing - " sing - @' cos @

’ 2
k'~ kW22~ | W[+ W2 - (Vo -] + [w]))

2
(@' cosg - sing + kg)) ,

\/§[(®"' cos@ - 302" sing - @' cos@ + " sin @ + 30’ D" cos B - B sin @ - ky”
7 2

(W + 2k [ W' = k@ [W ] + K [W[?) o+ (2" | W] + & |W ] [W?

~kiky = koo + & W+ & |W = 2|W W]~ [W]") f2 + (2" cos @

-30'2" sing - @'° cos @ - @ sin @ - 30’2 cos @ - @ sin@ + ko' — ko' |[W||

=2 [W' + ko' | W = ks | W[2) s |

f12 +f22 +f32

g1 = (2" cos g - @?sing + " cos@ + @ cos @ — ky' + ki |[W])

/
)

NG W[+ W2 - (& cosg +2'sinz - k) (V& - ' [W[ + W)

G = (IW]2' - [W? - [WI')W 22 -2/ [W] + [W]2

4
)

HwI(Ve? - W]+ W[?)

Gz = (2" cos @ - @?sing - @ sin@ - @ cos@ + ky' — ka|[W])

VB =& [W]+ W2 - (&' cos g -2 sinz + k>) (V& -2/ [W] + [W]?);
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fi==|W|(&" cos @ - @sing - & sin@ - @ cos @ + ky' — ka|W|) - (2" cos @
2" sing - @ sin@ - @' cos @ + ky' — ko |[W|) (@' cos@ — &' sin@ + k),
fo=(2'(cos @ —sin@) + k2) (20" cos @ — & (sin @ — cos @) — ki’ + k1 |[W]),
(2 (cos @ +sin@) — k1) (cos @(&" - @) —sin@(@” + &?) + ky' - ko |[W])
fs= (@' cos@ + @' sing - k1) (|[W]a' - |[W]* - [W]")

+|[W (2" cos@ - @ sin@ + @ cos@ + &% cos @ — k' + k1 |[W]).

Proof The theorem is similar to Theorem 2.2 and Theorem 2.3, therefore we omit its proof. O

3. Examples

Example 3.1 Let us consider the unit speed heliz curve and involute curve:

a(s) = (3005(%) ,3sin(§) , %),

a*(s) = (—*SIH(S)C+§Sin(§)8+3COS(§)7§COS(§)C—§COS(E)S+3Sin(§),%)-
5 5 5 5/ 5 5 5 5 5/ 5

The Smarandache curves, which consist of Frenet vectors of the involute curve, are, respectively,

giwen as follows;

e (5) () 55

£ty
es(2) 255
V2

2

;fcos(é)’fz Sm(é)’;of)’ . .
2 . (s S 2 s 2 . (s\ 1092

TSIH( ) 7008( ), cos( )— ( ), )

-— ——sin
2 50

5

5

5

(

) - (n()
(
(

2
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Figure 1: The black curve is the involute curve of the curve a (c¢=1). The blue, red, brown
and purple curves are Smarandache curves, which consist of Frenet vectors of the involute curve,
respectively

Example 3.2 Let us consider the unit speed curve and involute curve:

a(s):((1+8)g (1-5)2 8\/5)
3 7 3 2 )

cx/1+s_sx/1+s+ (1+5)3 _C\/1—$+S\/1—S+ (1-5)2 cﬁ)

O‘(S):( 2 2 3 2 2 3 2

The Smarandache curves, which consist of Frenet vectors of the involute curve, are, respectively,

gwen as follows;

ﬂl(s) _ [ =/1+s + Vi1-s

2 2 7 2
ﬂQ(S): - 21+S’ 1278372),
ﬂ?}(s) = 12_87 12+S7§ )
_ (=1 1-s /1- 1 V2
134(8)— 2+s+ 257 23+ 2+s,7).

Figure 2: The black curve is the involute curve of the curve a (¢=1). The green, orange, turquoise
and purple curves are Smarandache curves, which consist of Frenet vectors of the involute curve,
respectively
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4. Conclusion

We examined the Smarandache curves formed by the Frenet vectors of the involute curve. Then
curvatures and torsions of Smarandache curves are calculated. These invariants (Frenet vectors
and curvatures) which depend on the evolute curve are explained. Besides, we illustrate the

Smarandache curves formed by taking the helix curve.
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