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Some sums related to the terms of generalized Fibonacci autocorrelation
sequences {a, ()}
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ABSTRACT

In this paper, we give the terms of the generalized Fibonacci autocorrelation sequences {ak N (r)} " defined as
! T

a0 (z‘) =a, (Uki , 2')
and some interesting sums involving terms of these sequences for an odd integer number K and nonnegative integers
7,Nn.
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{a..(r)} = genelestirilmis Fibonacci otokorelasyon dizilerinin terimlerini igeren

baz1 bagintilar

0z
Bu makalede, K tek tamsay1 ve 7, N negatif olmayan tamsay olmak iizere
A 0 (z‘) =a, (Uki , 2')

terimlerine sahip {ak n (T )} genellestirilmis Fibonacci otokorelasyon diziler ve bu dizilerin terimlerini iceren bazi
! T

toplamlar verildi.

AnahtarKelimeler: Fibonacci sayilari, genellestirilmis Fibonacci otokorelasyon dizileri, toplamlar
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1. GIRIiS (INTRODUCTION)

For a,b,p,qel], the second order sequence
{W, (a,b; p,q)} is defined for n>0 by

Wn+l(a’b; p’ q)

= pW, (a,b; p,q)—qW,_ (a,b; p,q)

in which Wo(a,b; p,q):a, Wl(a,b; p,q)zb.
When q=-1, W, (0,1; p,—l) =U, and
W, (2, p; p,~1) =V,. When p=1, U, =F, (nth

Fibonacci number) and V, = L, (N th Lucas number).

If o and S are the roots of equation X* — pX—1=0

the Binet formulas of the sequences {U, } and {V,}
have the forms

respectively.

E. Kilig and P. Stanica [1], derived the following
recurrence relations for the sequences {Ukn} and

{Vio} for k=0, n>0,

k+1
U k(n+1) =V, Ukn +( 1) Uk(n—l)
and
k+1
Vk(n+1) =Vkan +(_1) Vk(n—l) !

where the initial conditions of the sequences {Ukn}
and {an} are 0, U, and 2, V, respectively. The

Binet formulas of the sequences {U,,} and {V,,} are
given by

akn _ ﬁkn

U, = and V,, =" + ',

respectively.

Some sums related to the terms of generalized Fibonacci autocorrelation sequences

P. Filipponi and H.T. Freitag [2] defined the terms
an(Si,r) of the autocorelation sequences of any

sequence {Si }: as

SI'T ZSISHT’ <7< )’ (1)

where the subscript i+7 must be considered as

reduced modulo N+1 and 7, N are nonnegative
integers. It is clearly that autocorrelation sequences
differ from the definition of cyclic autocorrelation
function for periodic sequences with period n+1 [3].

For positive integer number t, the authors gave
a,(S.,7)=a,(S;,n—7+1)

and

SI’T ZSI i+7 +§Si+n—r+lsi'
i=0

The terms of the Fibonacci autocorrelation sequences
{ak 0 (r)} were defined as
' T

a,(7)=a,(F,7)
and they obtained some sums involving the terms
a, (r) as follows:

Za = n+2 _1)2’

10;(?]6[”

2L,,.,—-5F,,.,+L,,, ifniseven
ey, - n+l(5|:M—1), ifnisodd

Inspiring by studies in [2], we consider subsequence

{Si }: of the autocorrelation sequences of subsequence

{Sk,} defined as

(SkI’T Z:SklS I+‘r (O<T<n) (2)

i=0

where the subscript i+7 must be considered as
reduced modulo N+1. It can clearly be seen that
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a,(S.7)=a,(Sq,n—7+1) ©)

and

7-1

; Sy Sk(m) - Zo Sii Sk(m) + ; Sk(i+n—r+l)sk

where 7 is positive integer number.

For example, for N=6, k=5 and 7 =3 in (3),
3 (S:,3)

= 5,515 + 55,0 + 5,555 + 5,55, + 5,5,

+S,:S5 + S5,

=a5(Ss,4).

In this paper, taking generalized Fibonacci subsequence

{Uki}: instead of subsequence {Ski}:

write the terms of the generalized Fibonacci

in (2), we

9]
autocorrelation sequences {ak'n (Z')}T as

n Zukl k(i+7)

and obtain some sums involving the numbers a, , (r)

A,

where an odd integer K and nonnegative integers 7, n.

Throughout this paper, we will take {Wn} instead of

(W, (a,b; p.q)}.

The following Fibonacci identities and sums in [4] will
be used widely throughout the proofs of Theorems:

ViV, ifniseven
Vk(m+n) +Vk(m n) - H : !
AU, U,., ifnisodd

v v _ AU U, ifniseven ;

Kmen) Km0 TV W, ifnisodd ©

U U UV, ifniseven 5
+ - )

dmen) T Ekmen) Ty g if nisodd ©

U U ViU, ifniseven
dmen) “Fkmn) Ty v ifnisodd |
™

Some sums related to the terms of generalized Fibonacci autocorrelation sequences

C+r

W

+ (_1)“ Wk(c(n+1)+d) + (_1) k(c(r-1)+d) ©)

(1) W) |14V + (-2)),

() [r+2(r —1)( 1) gy (00)

(
+(n+2(n+1)(-2)° Jw,
-1)

( k(cn+d) - )Wk(c(r+1)+d)
(r +1+ 2I’ ¢ )Wk r-1)+d) )Wk(c(n—1)+d)
(n 1+ 2n 1 C Wk (n+1)+d) + nW (c(n+2)+d)
+er(c(r—2)+d):|/(1_VkC +(_1) )
and
Z _1)I71 W, (ci+d) = |:n( 1)n+l k(c(n+2)+d)
P W (1)W1
+ 2n (_l)c+n+1 n +1 )Wk _1 +d

~((r=2)(-1) -2 (-1 )w,

k(c(r—1)+d)
r(-) 7 -2(r-1)(-)" Wy @D

" _2(n+1)(-1)"" )w

cn+d

1) Wy | (14 + (-
where A:(sz +4)/Uk2.

2. SOME IDENTITIES INVOLVING THE
TERMS a,,(7) (8, (7) TERIMLERINi
iCEREN BAZI OZELLIiKLER)
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In this section, we will give closed-form expressions for
terms of the generalized Fibonacci autocorrelation

sequences {akyn (T)} N
Lemma before the proof of main Theorems.

Now, we give auxiliary

Lemma 2.1. Let K be an odd integer number.

Foreven 7,
Vi, (7)
Ui TUiYie,  if niseven
B Ukn (U k(n—‘r+l) +Ukr )1 if n IS Odd
and for odd 7,
Via, (T)
Uan k(n—‘r+l) +Uk(n+1)U k(r—l)’ if n iS even )
Uk(n+l) (U k(n-7) +Uk(r—1) ), if n isodd

Proof. Let N and 7 be even integers. Using Binet
formula of generalized Fibonacci sequence {Ukn}, we
write

n-r 7-1
A n (T) = Z;,Ukiuk(iﬂ-) + Z(;Ukiuk(i+n—r+l)
i= i=

n—r
( 2I+z‘
i=0

71 2 1
i+N—7+
+ (
i=0

2|+1) _ ﬂkiak(Hr)

_ akiﬂk(i+r))

k(2i+n—r+1) _ﬂkiak(i+n—r+1)
_ " ghlien-r4) )}

- i{g(vk(zm) - (—1)ki Vk,)
+Z( k(2i+n-7+1) _1)ki Vk(n71+l) )}

From (8) and the sums

S

i=0

if n,z aresame parities
if n,z aredifferent parities’

Some sums related to the terms of generalized Fibonacci autocorrelation sequences

1 1) = 1 ifrisodd
— |0, ifriseven’

we write
Aa , (z‘)
= (Vk(Zn—r+l) Vs FVknrr) = Vian) ) /V ke

By (5), we have
Vka'k,n (T) = Uk(n+1)U k(n-7) +Uan ke*

The other equalities are obtained similar to the proof.
Thus we have the conclusion.

For example, for a=7=0 and b=k=p=1 in
Lemma 2.1, it is clearly seen that @&, ,(0)=F,,F,
[1].

Now, we will investigate some sums involving the
terms @, , (z‘)

Theorem 2.1. Let K be an odd integer number. We
V, Z )a,. (

h P
e (U ki) ~Yin Uy )/\/k if nis odd

Ui, if nis even

and

kz aknl i

Uk(n—l) +(Vk(2n+4) _Vk(2n+1) )/A if nis odd
B “Vi(ng) T Vak (Vi +Va )/Avk ’

Uk(n+2) +(Vk(2n+4) _Vk(2n+1) )/A if n is even

_Vk(n+2) —Va (Vk - 2)/Avk1

Proof. For even number N, observed that

n

Z(—l)iakyn (i)=a.,(0)-a,,(1)+..+a.,(n).

i=0
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From the equality a,,(i)=a,,(n—i+1) and
Lemma 2.1, we get
> (a0

=a.,(0)-a.,(1)+..—a,(n-1)+a,(n)
U U
— ak,n (0) — k(n+1)~" kn Vk .

For odd number N, we write

(n-1)/2 (n+1)/2
=a,,(0)+ D a,(27)- D a,(2r-1)
=1 r=1

U =U, % in[5],

k(n-1)~" k(n+1)
(7), (8) and Lemma 2.1, we have the claimed result. The
remaining formulas are similarly proven.

Using the equality U2 v —U

Theorem 2.2. Let K be an odd integer number. We
have

{ (U #Un ) (Ui U, if n is odd

—Uk)—Uank, if nis even

szi;(—l)iiak’n (i) (12)

n_Uk(n+l))(Ukn_Uk)’ it n is odd

c

S )

- k(n+1)

if nis even

Proof. For odd number N, we write

Zlak )
(n-1)/2

= .Z:: 2ia, ,(2i)+ g); (2i+1)a, , (2i+1).

Some sums related to the terms of generalized Fibonacci autocorrelation sequences

By Lemma 2.1, we have

n-1)/2
Zlakn {Ukn z 2'( n 2i+1) +U2ki)
(n-1)/2
k(n+1) Z 2|+1 ( (n- 2i—1)+U2ki)}'

i=0

From (5), (7), (8) and (10), we get

V, Zlakn )=(n+1)(Uyp +Yia ) Ui ~Us)

as claimed. Similarly, for even N, the proof is clearly
obtained. With the help of (11), the proof of the other
result is given. Thus the proof is completed.

For example, taking a=0 and b=k =1 in (12), it is
clearly seen that

ng(—l

(n+1)(U,,-U,)(1-U,), ifnis odd
(n+1)(U, -U, U, ,)
- n-1)U._.(U -1
+(n-1) ”“( ) if n is even
+4U, (U,,,-U,)/p,

Theorem 2.3. Let K be an odd integer number. We

have
|+1j
AUZKZ [ ay ., (
AUV, if n=0(mod 4)
U, (i)
if n=1(mod4
(Vk(n+l) Vg + 2(V, _an))1 ifn=1(mod4)
B (Vk - 2)Uk(2n+1) + (Vk + Z)Uk
if n=2(mod4)
+2V, (Uk(n+l) _Ukn)’
ViU, (Vk(n+1) - 2)7 if n=3(mod 4)

and
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a,(0)

AVU, Y (-1)

i=0
U, znea) ~Yiianiy TV (Vi +1)
(n] if nis odd
B —(-1) (v, +V2k)Uk(n—1)’
Uk(2n+4) _Uk(2n+l) +Ug,
[Mj if nis even
_(_1) 2 (Vk +V2k)Uk(n+2)’

Proof. For the second sum, the proof can be given. Let
n = 0(mod4). Observed that

g(-l)[i?] 8. (i)
_(-1))a, (0)+ (-1,
+...+(—1)[nzlj a.,(n)

=a,,(0)-a,(1)+..+a,(n-1)+a,(n)

n/4 n/4
:akn zakn 4| 4' zakn 4|+1 4'
n/4 n/4

Z a‘k n— 4|+2

By (5) and Lemma 2.1, we get

V(1) > () =UyU

Z ak n— 4|+3

+V

3k (Vk(Zn—12i+4) k(2n—12i+7))

-V, (V4ki +Vaioy ) + AU, iUk } -

From (4)-(6) and (8), we write

Some sums related to the terms of generalized Fibonacci autocorrelation sequences

kzn: EHlJaknl (i) (13)

V
1
= U n+ n + U ~ n+
k(n+1) = ki AU, ( k(n-1) k(2 1))
1
_Uk(Zn 2) +Uk(—n—2) A_Uk(U2k k(n+2))
+U, -U, K(n+1)
_ Uk(2n+4) _Uk(2n+l) _(Vk +Vo )Uk(n+2) +Uy,
AU,,
as claimed. For N = 2(mod 4) ,
n i+1
AVkUSKZ(—l)[ 2 jak’nfi (i) (14)
i=0
=U,2nea) ~Ykanny + (Vi + Vi )Uk(n+2) +Ug,.

By (13) and (14), for even number n, the desired results
are obtained. Similarly, for n ELB(mod 4), the

remaining results are proven. The proof of the other
result is hold. Thus, the proof is completed.

Theorem 2.4. Let K be an odd integer number. We
have

AU 3 (1) 7 a, (1)

i=0

Vk (Uk(n+1) +Ukn)(2_vkn) )
_AUUE, if n=0(mod4)
2
_ Av (U “Yipaia _Uk”) if n=1(mod 4)
VY, (2 Vi )
AUV Uy if n=2(mod4)
VU, (Vg —2),  ifn=3(mod4)
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and
i+2

VYU (1) 2, (1)

Va (Uak _Uk(2n+4) _Uk(2n+l))

+U,, (vk(n_B) +AUU, )

VU, ) VU

(n+1) n+2)’

_V2k (U k(2n+4) +U k(2n+1)
+Uy (V, 1))
= U,y (AUZ, +Vy (V, +2)),

Ve (“Uyganisy ~U

2n+4) k(2n+1)

+(Vk _V2k )Uk(n+2) + U3k ) |

Vo (Ugonigy +Ys

k(2n+4) (2n+1)

+U3k (Vk _1)) +VkV2kUk(n—1)
+2Uk( V. +U4ka(n71),

n+1) " 4

Proof. Let N =0(mod4). Consider that

3 (-1, (i)

:—ak'n (0)-a.,(1)+a,,(2)+..
+a,,(n-1)-a,,(n)
= —ian: a, (4 —4)—§:ak‘n (4i-3)

n/4 n/4

+iZ=l: a,,(4i-2)+> a,,(4i-1)-a,,(n).

i=1

From (7) and Lemma 2.1, we write

3(-1) 7 a,, (i)

i=0

= —l\J/_fn - (U k(ns1) T Ui ) nZM: (U k(n-4i+3) -U k(4i-3) )

i=1

By (5), (7) and (8), we have

if n=0(mod4)

if n=1(mod4)

if n=2(mod4)

if n=3(mod4)

Some sums related to the terms of generalized Fibonacci autocorrelation sequences

i+2

(1) 7)a, (i)

n

i=0

1 V,
= _\TkUkzn - AUk2k (Uk(n+1) +Ukn)(an _2)
1 1
_\Tkukzn _A_Uk(uk(ml) +Ukn)(an _2)

as claimed. For n=1, 2,3(mod 4), the proofs are

clearly given. Similarly, the other result is given. Thus,
we have the conclusion.
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