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Abstract 
 
Although it is known that there are an infinite number of Diophantine 𝑃$  triples, there is no complete 
characterization for these triples. 

This paper is a continuation and a generalization of one of the  recent papers (see [ ref. 35 ]) in which 
several numerical results are demonstrated and some properties are given for special  Diophantine 𝑃% 
pairs and triples. Here, the expansion of the single-element set {2} into a Diophantine 𝑃% binary special 
family as {2, s} (with s values expressed as a recurrence/iteration of natural numbers) is obtained  firstly. 
Then, binary special family {2, s} is extended as {2, s, 𝑎'} Diophantine 𝑃% triples ( 𝑎' is determined in 
the terms of s ) using solutions of Diophantine equations. Lastly, it is proved that {2, s, 𝑎'} can not be 
extended Diophantine 𝑃% quadruples using elementary and algebraic methods different from other works 
in the literaure.  
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1. Introduction, Materials and Method 
 

Until today, many different studies have been brought to the literature in Diophantine set theory with 
different methods and approximations especially for Diophantine 𝑃(	pairs, Diophantine 𝑃(	 triples, 
Diophantine 𝑃(		quadruples and so on… 

Dujella, A. ([14 - 24]) , who is a very famous in the Diophantine set theory, has proved many significant 
results on this subject and his contributions in this field have a very important place in the literature. 

Some of the results obtained on Diophantine 𝑃(	 pairs  and their structures with extensions can be found 
in the work of mathematicians such as Cipu, Filipino, Fujita, Özer and Park ([9, 26-27, 35-36]). 

In addition, studies with varies approximations/perspections on Diophantine 𝑃(	 triples and their 
extensions, characterization with classification and studies with different methods that are guiding  can 
be discovered in the works of mathematicians such as Adzaga, Baker, ..., Özer, Thamotherampillai, 
Zhang etc ([1, 3, 5-7, 11-12, 29, 33-34, 38-39]). 

Bashmakova, Mollin, Dickson and many valuable mathematicians ([4, 8, 10, 13, 25, 28, 30, 32]) who 
have very valuable studies and books in the field of number theory such as Diophantine set theory, Pell 
and Diophantine equation solutions, elementary number theory, algebraic number theory, lead the way 
in the creation of today's studies. 
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Even very famous mathematicians such as Euler, Fermat, Dickson, Davenport obtained amny significant 
results on the problem of Diophantus, there are still characterization/classification and algorithm 
problems on this subject nowadays.  

So, followings can be given from the literature as briefly: 

Definition 1.1 (Diophantine 𝑷𝒕	 Pairs) Let t be a positive integer and Ɯ ={£, ¥} be a set containing 
two positive integers. It is named by a Diophantine 𝑃(	 pair if  (£.¥ + t) is a perfect square integer. 

In ([27]), it is proved that {k − 1, k + 1} set is a Diophantine 𝑃$	 pair for natural number k and it can be 
extended to Diophantine 𝑃$ triples with some positive integers. 

Definition 1.2 (Diophantine 𝑷𝒕	 Triples) Let t  be a positive integer and Ɯ ={£, ¥, Ʀ} be a set 
containing three positive integers. It is named by a Diophantine 𝑃(	triple  if  all three  (i)  £.¥ + t   and  
(ii)   £.Ʀ  + t   with  (iii)  ¥.Ʀ + t    are equal to a perfect square integer. 

In ([29]), it is investigated that {k + 1, 4k, 9k + 3} set is the family of Diophantine 𝑃$	  triples for natural 
number k and whether this set could be quadruple or not.  

Definition 1.3 (Diophantine 𝑷𝒕	 r - Tuples) Let t be a positive integer and Ɯ ={Ƞ$, Ƞ%, … , Ƞ/} be a 
set containing r different positive integers. It is named by a Diophantine 𝑃(	 r- tuple if  ( Ƞ0. Ƞ2 + t  ) is 
a square integer for 1	 ≤ 𝑖	 ≠ 𝑗 ≤ 𝑟 . 

Definition 1.4 (Regularity Condition for Diophantine 𝑷𝒕	 Triples ) A Diophantine 𝑃(	triple Ɯ	 =
{£, ¥, Ʀ}		 set of the positive integers is called as a regular if the condition (Ʀ − ¥ − £)% = 4. (£. ¥ + 𝑡) 
is satisfied. 

As a different way of the other works, congruences, definitions of Diophantine 𝑃(	 sets fundamental 
solutions of the Diophantine equations, elementary and algebraic operations with logical basic and 
simple approximations are used to obtain our results in this work as method of the paper. 

 
 

2. Results 

In [35]  the author proved that a type of  Diophantine D(2) (with different represention it can 
be used as  𝑃%) that pairs started with number two {2} and, continues with positive integers such 
as {2,7}, { 2,17}, {2,31} can be extended to regular Diophantine D(2) triples  but can not be 
extended to Diophantine D(2) quadruples using the techniques with notations such as quadratic 
congruence’s  solutions, Stolt fundamental solutions method and fundamental solutions of 
binary quadratic form equations. 

Now, the expansion of the single-element set {2} into a Diophantine 𝑃% pair special family as {2, s} 
(with s values expressed as a recurrence/iteration of natural numbers) will be obtained  and special 
family {2, s} will be  expanded as {2, s, 𝑎'} regular Diophantine 𝑃% triples ( 𝑎' is determined in the 
terms of s by natural  numbers) using solutions of Diophantine equations. Also, it will be demonstarated 
that  that {2, s, 𝑎'} can not be extended Diophantine 𝑃% quadruples by the helping of  elementary and 
algebraic methods as follows:  

Theorem 2.1. The single-element set {2} is expanded into a Diophantine 𝑃% pair special family as {2, 
s} with followings: 

(i) 𝑠 = 2𝑛% − 1 in the terms of natural numbers for 2 ≤ 𝑛	 ∈ 	ℕ. 
(ii) 𝑠 = 2𝑛% + 4𝑛 + 1 in the terms of natural numbers for 2 ≤ 𝑛	 ∈ 	ℕ. 
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Proof. It needs to be proved  whether or not  {2, s}  is a special family of Diophantine 𝑃% pairs for 
𝑠 = 2𝑛% − 1 or 𝑠 = 2𝑛% + 4𝑛 + 1  in the terms of natural numbers for 𝑛 ≥ 2. 

(i)   For 𝑛 ≥ 2 natural numbers, Is {2, 2𝑛% − 1}  a special family of Diophantine 𝑃% pairs? 
Using definition of the Diophantine 𝑃% pair, following equation is  obtained and need to solvable for 
𝑥	 ∈ ℤ 

2. (2𝑛% − 1) + 2 = 𝑥%		 

From the left side of equation, we have  

2(2𝑛% − 1) + 2 = 4𝑛% − 2 + 2 = 4𝑛% 

It implies 𝑥 = ±2𝑛	 ∈ 	ℤ. 

So, {2,2𝑛% − 1} is a special family of Diophantine 𝑃% pairs natural numbers for 𝑛 ≥ 2. 

(ii)In a similar way,  {2,2𝑛% + 4𝑛 + 1} is a special family of Diophantine 𝑃% pairs for 𝑛 ≥ 2 since  

2. (2𝑛% + 4𝑛 + 1) + 2 = 4𝑛% + 8𝑛 + 2 + 2 = 4𝑛% + 8𝑛 + 4 = 4(𝑛% + 2𝑛 + 1) 

= 4(𝑛 + 1)% = [∓2(𝑛 + 1)]% 

Hence, {2,2𝑛% + 4𝑛 + 1} a special family of Diophantine 𝑃% pairs natural numbers for 𝑛 ≥ 2. 

 

Theorem 2.2. Let {2,  2𝑛% − 1} be a special family of Diophantine 𝑃% pairs for 2 ≤ 𝑛	 ∈ 	ℕ. Special 
family of Diophantine 𝑃% pairs {2,  2𝑛% − 1} (2 ≤ 𝑛	 ∈ 	ℕ) generates a regular special family of 
Diophantine 𝑃% triples as {2, s, 𝑎'}= {2,2𝑛% − 1,  2𝑛% + 4𝑛 + 1} for 2 ≤ 𝑛	 ∈ 	ℕ. 

Proof.  Suppose  that 𝑡 be a positive integer  such that   {2,  2𝑛% − 1, 𝑡} be a special family of 
Diophantine 𝑃% triples for 2 ≤ 𝑛	 ∈ 	ℕ.   Then, following equations are obtained for some 𝑥, 𝑦 
integers. 

2𝑡 + 2 = 𝑥%        and          (2𝑛2 − 1)𝑡 + 2 = 𝑦%. 

Dropping 𝑡 between above equations, we have following Diophantine equation 

(2𝑛% − 1)𝑥% − 	2𝑦% = (4𝑛% − 6) 

for some 𝑥, 𝑦	 ∈ 	ℤ. 

Considering 2 ≤ 𝑛 natural numbers and using techniques to solve Diophantine equation mentioned 
above, one of the family solutions 𝑥 is obtained as 𝑥 = ∓2(𝑛 + 1) and also it is got that  𝑡 equals to 
2𝑛% + 4𝑛 + 1 in the terms of natural numbers. 

Additionally,  special family of Diophantine 𝑃% pairs {2,  2𝑛% − 1} (2 ≤ 𝑛	 ∈ 	ℕ) generates a special 
family of Diophantine 𝑃% triples as {2, s, 𝑎'}= {2,2𝑛% − 1,  2𝑛% + 4𝑛 + 1} for 2 ≤ 𝑛	 ∈ 	ℕ. 

Regularity condition need to be satisfied for this special family of Diophantine 𝑃% triples determined 
as {2, s, 𝑎'}= {2,2𝑛% − 1,  2𝑛% + 4𝑛 + 1} for 2 ≤ 𝑛	 ∈ 	ℕ. 

From the definition of regularity condition which is defined by  “Diophantine 𝑃%	triple Ɯ	 = {£, ¥, Ʀ}		 
is a set of the positive integers called as regular if the condition (Ʀ − ¥ − £)% = 4. (£. ¥ + 2) is 
satisfied”, it is easily seen that {2,2𝑛% − 1,  2𝑛% + 4𝑛 + 1} is regular for 2 ≤ 𝑛	 ∈ 	ℕ. 
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Theorem 2.3. The regular special family of Diophantine 𝑃% triples {2, s, 𝑎'}= {2,2𝑛% − 1,  2𝑛% +
4𝑛 + 1} for 2 ≤ 𝑛	 ∈ 	ℕ	 can not be extended to Diophantine 𝑃% quadruples. 

Proof. Let assume that the special family of Diophantine 𝑃% triples {2, s, 𝑎'}= {2,2𝑛% − 1,  2𝑛% + 4𝑛 +
1} can be extended for any positive integer  ¥  while 𝑛	 ≥ 2  natural numbers such that  
{2,  2𝑛% − 1,  2𝑛% + 4𝑛 + 1,  ¥	} is a special family of Diophantine 𝑃% quadruples. Therefore, we have 
equations as follows for  𝑥, 𝑦, 𝑧	 integers; 

 2¥ + 2 = 𝑥% 

(2𝑛% − 1)¥ + 2 = 𝑦% 

 (2𝑛% + 4𝑛 + 1)¥ + 2 = 𝑧% 

for 𝑛	 ≥ 2  natural numbers. 

Eliminating ¥ from the above equations, we obtain following Diophantine equations to solve 
while 𝑛	 ≥ 2  natural numbers. 

(2𝑛% − 1)𝑥% − 2𝑦%  =  4𝑛% − 6 

(2𝑛% + 4𝑛 + 1) 𝑥% − 2𝑧%  =  4𝑛% + 8𝑛 − 2 

(2𝑛% + 4𝑛 + 1) 𝑦%  −  (2𝑛% − 1) 𝑧%  =  8𝑛 + 4. 

Firstly let us consider first Diophantine equation  (2𝑛% − 1)𝑥% − 2𝑦%  =  4𝑛% − 6. Since the right 
side of this equation is an even integer and the left side has to be an even integer too. Hence, 𝑥 has to be 
an even integer. 

Let 𝑥 = 2𝐴 be an even integer for 𝐴 ∈ 	ℤ. If we put this value into the (2𝑛% − 1)𝑥% − 2𝑦%  =  4𝑛% − 6, 
then we get following results and obtain that 𝑦 has to be odd integer.  

(2𝑛% − 1). 4𝐴% − 2𝑦% = 4𝑛% − 6 

⟹ 2𝑦% = (2𝑛% − 1). 4𝐴% − 4𝑛% + 6 

⟹ 𝑦% = 4𝐴%𝑛% − 2𝐴% − 2𝑛% + 3 

⟹ 𝑦 = 2𝐵 + 1   

such that 𝐵 is an integer. If we put both  𝑦 = 2𝐵 + 1, 𝑥 = 2𝐴 integers for 𝐴, 𝐵 ∈ 	ℤ into the first 
Diophantine equation  (2𝑛% − 1)𝑥% − 2𝑦%  =  4𝑛% − 6,	then followings are obtained. 

4𝐵% + 4𝐵 + 1 = 4𝐴%𝑛% − 2𝐴% − 2𝑛% + 3 

⟹ 2𝐵% + 2𝐵 = 𝐴%(2𝑛% − 1) − (𝑛% − 1). 

If 𝑛	 ≥ 2  natural numbers are odd numbers then it is determined that  𝐴 ∈ 	ℤ is an even integer, otherwise 
𝐴 ∈ 	ℤ is an odd integer if 𝑛	 ≥ 2  natural numbers are even numbers. 

If we consider the second Diophantine equation  (2𝑛% + 4𝑛 + 1) 𝑥% − 2𝑧%  =  4𝑛% + 8𝑛 − 2 and 
put  𝑥 = 2𝐴 value into this one, then we get followings; 

4𝐴%. (2𝑛% + 4𝑛 + 1) − 2𝑧% = 4𝑛% + 8𝑛 − 2 

⟹ 𝑧% = 4𝑛%𝐴% + 8𝐴%𝑛 + 2𝐴% − 2𝑛% − 4𝑛 + 1 

This result implies that 𝑧 = 2𝐶 + 1 is an odd integer for 𝐶 ∈ 	ℤ. 
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Considering last Diophantine equation (2𝑛% + 4𝑛 + 1) 𝑦%  −  (2𝑛% − 1) 𝑧%  =  8𝑛 + 4 with 𝑦 =
2𝐵 + 1 and  𝑧 = 2𝐶 + 1 for 𝐵, 𝐶 ∈ 	ℤ then following equations are obtained. 

(2𝑛% + 4𝑛 + 1). (2𝐵 + 1)% − (2𝑛% − 1)(2𝐶 + 1)% = 8𝑛 + 4 

⟹ (4𝐵% + 4𝐵 + 1)(2𝑛% + 4𝑛 + 1) − (4𝐶% + 4𝐶 + 1)(2𝑛% − 1) = 8𝑛 + 4 

⟹ 8𝐵%𝑛% + 16𝐵%𝑛 + 4𝐵% + 8𝐵𝑛% + 16𝐵𝑛 + 4𝐵 + 2𝑛% + 4𝑛 + 1 − 8𝐶%𝑛% + 4𝐶% − 8𝐶𝑛% + 4𝐶
− 2𝑛% + 1 = 8𝑛 + 4 

⟹ 8𝑛%(𝐵% + 𝐵 − 𝐶% − 𝐶) + 4𝑛(4𝐵% + 4𝐵) + 4(𝐵% + 𝐵 + 𝐶% + 𝐶 + 𝑛) + 2 = 8𝑛 + 4 

If we apply (𝑚𝑜𝑑	4) in the  equation mentioned as above 

8𝑛%(𝐵% + 𝐵 − 𝐶% − 𝐶) + 4𝑛(4𝐵% + 4𝐵) + 4(𝐵% + 𝐵 + 𝐶% + 𝐶 + 𝑛) + 2 = 8𝑛 + 4 

Then, we obtain 2 ≡ 0(𝑚𝑜𝑑4). This is a contradiction.                         

Thus, there is no solution of the system of the Diophantine equations mentioned as above. 
So, the regular special family of Diophantine 𝑃% triples {2, s, 𝑎'}= {2,2𝑛% − 1,  2𝑛% + 4𝑛 + 1} for 2 ≤
𝑛	 ∈ 	ℕ	 can not be extended to Diophantine 𝑃% quadruples. 

 

3. Discussion and Conclusion 

Classifying and characterization problem of 𝑃( sets has been studied extensively at the present time 
even this issue comes from ancient times of Diophantus of Alexandria as you see in the references. 
This problem is tried to be solved by establishing connections with many different methods and other 
issues.  

Therefore, in this study, some results were obtained by using algebraic and elementary methods for a 
special family Diophantine 𝑃%  sets and a contribution to the literature was made In this study, the 
mathematical steps to obtain our results are given in detail. New results can be obtained by performing 
similar studies within different Diophantine 𝑃% or 𝑃  families. 

 

Acknowledgement: The study is supported by Scientific Research Project with number 
KLUBAP-233 of Kırklareli University.   

 

Declaration 

This study does not require ethics committee approval. 

 

Conflict of Interest 

There is no conflict of authors in this work. 

 

 

 

 

 

5



References 

1. Adžaga, N., Dujella, A.,  Kreso, D. and  Tadič, P.: Triples which are D(n) ‐sets for several ns, 
J. Number Theory 184, 330‐341 (2018). 

2. Arkin, J.  Hoggatt, V.E. and  Strauss, E.G.: On Euler’s solution of a problem of Diophantus, 
Fibonacci Quart. 17, 333–339 (1979). 

3. Baker, A. and Davenport, H.:  The equations 3x2 - 2=y2  and 8x2 - 7=z2  , Quart. J. Math. Oxford 
Ser. (2) 20, 129‐137 (1969). 

4. Bashmakova  I.G. (ed.) : Diophantus of Alexandria, Arithmetics and The Book of Polygonal 
Numbers, Nauka , Moskow. (1974).  

5. Beardon, A.F. and Deshpande, M.N.: Diophantine triples, The Mathematical Gazette, 86,253-
260 (2002). 

6. Bokun, M. and  Soldo, I.:  Pellian equations of special type, Math. Slovaca 71, 1599-1607. 2021. 
7. Brown, E. : Sets in which xy+k is always a square, Math.Comp.45, 613-620 (1985). 
8. Burton D.M. :  Elementary Number Theory. Tata McGraw-Hill Education. (2006). 
9. Cipu, M., Filipin, A. and  Fujita, Y. :   Diophantine pairs that induce certain Diophantine triples, 

J. Number Theory 210, 433-475 (2020) . 
10. Cohen H., : Number Theory, Graduate Texts in Mathematics, vol. 239, Springer-Verlag, New 

York (2007). 
11. Deshpande, M.N. : One interesting family of Diophantine Triples, Internet.J. Math.Ed.Sci.Tech, 

33, 253-256 (2002). 
12. Deshpande, M.N.: Families of Diophantine Triplets, Bulletin of the Marathawada Mathematical 

Society, 4, 19-21 (2003). 
13. Dickson LE.:  History of Theory of Numbers and Diophantine Analysis, Vol 2, Dove 

Publications, New York (2005). 
14. Dujella, A. :  Diophantine m-tuples, http://web.math.pmf.unizg.hr/~duje/dtuples.html . 
15. Dujella, A. :  Generalization of a problem of Diophantus, Acta Arith. 65, 15–27 (1993). 
16. Dujella, A. :  On the size of Diophantine m ‐tuples, Math. Proc. Cambridge Phiıos. Soc. 132, 

23‐33  (2002). 
17. Dujella, A. : Pethő, A.  A generalization of a theorem of Baker and Davenport, Quart. J. Math. 

Oxford Ser. (2) 49, 291–306 (1998). 
18. Dujella, A.:   Some polynomial formulas for Diophantine quadruples, Grazer Math. Ber. 328,  

25–30 (1996). 
19. Dujella, A.: An absolute bound for the size of Diophantine m-tuples, J. Number Theory 89 126–

156 (2001). 
20. Dujella, A.: Bounds for the size of sets with the property D(n) , Glas. Mat. Ser. III 39,199‐205 

(2004). 
21. Dujella, A. : Generalization of a problem of Diophantus, Acta Arith. 65, 15‐27 (1993). 
22. Dujella, A. : On the size of Diophantine m-tuples, Math. Proc. Cambridge Philos. Soc. 132, 23–

33 (2002). 
23. Dujella, A. : The problem of the extension of a parametric family of Diophantine triples, Publ. 

Math. Debrecen 51, 311–322 (1997). 
24. Dujella, A., Jurasic, A. : Some Diophantine Triples and Quadruples for Quadratic Polynomials, 

J. Comp. Number Theory, Vol.3, No.2, 123-141 (2011). 
25. Fermat, P.: Observations sur Diophante, Oeuvres de Fermat, Vol.1 (P. Tonnery, C. Henry eds.), 

(1891). 

6



26. Filipin, A.,  Fujita, Y.  and Togbé, A.: The extendibility of Diophantine pairs I: the general case, 
Glas. Mat. Ser. III 49 (1) 25–36 (2014). 

27. Fujita, Y.:  The extensibility of Diophantine pairs {k − 1, k + 1}, J. Number Theory 128, 322–
353 (2008). 

28. Gopalan M.A., Vidhyalaksfmi S., Özer Ö. : A Collection of Pellian Equation ( Solutions and 
Properties) , Akinik Publications, New Delh, INDIA (2018). 

29. He, B.  and  Togbé, A. : On the family of Diophantine triples {k + 1, 4k, 9k + 3}, Period. Math. 
Hungar. 58, 59–70 (2009). 

30. Ireland K. and Rosen M.:  A Classical Introduction to Modern Number Theory, 2nd ed., 
Graduate Texts in  Mathematics, vol. 84, Springer-Verlag, New York (1990). 

31. Kihel, A. and  Kihel, O. :On the intersection and the extendibility of Pt ‐sets, Far East J. Math. 
Sci. 3, 637‐643 (2001). 

32. Mollin R.A.:  Fundamental Number theory with Applications, CRC Press (2008). 
33. Özer Ö.:  A Certain Type of  Regular Diophantine Triples and Their Non-Extendability, Turkish 

Journal of Analysis & Number Theory, 7(2), 50-55 (2019). 
34. Özer Ö.:  On The Some Nonextandable Regular P-2 Sets, Malaysian Journal of    Mathematical 

Science (MJMS), 12(2),  255–266 (2018). 
35. Özer Ö.:  One of the Special Type of  D(2) Diophantine Pairs  (Extendibility of  Them and Their 

Properties) 6th International Conference on Mathematics: An Istanbul Meeting for World  
Mathematicians ( ICOM 2022)”, 21-24 June 2022, Proceeding Book ISBN: 978-605-67964-8-
6, , pp. 433-442, 2022. Fatih Sultan Mehmet University, İstanbul (2022). 

36. Park, J.: The extendibility of Diophantine pairs with Fibonacci numbers and some conditions, 
J. Chungcheong Math. Soc. 34,  209-219 (2021). 

37. Silverman, J. H.: A Friendly Introduction to Number Theory. 4th Ed. Upper Saddle River: 
Pearson, 141-157  (2013). 

38. Thamotherampillai, N. :  The set of numbers {1,2,7}, Bull. Calcutta Math.Soc.72, 195-197 
(1980). 

39. Zhang, Y.  and Grossman, G. On Diophantine triples and quadruples, Notes Number Theory 
Discrete Math. 21, 6–16 (2015). 

7




