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Abstract

In this paper, we have obtained some new integral
inequalities of Steffensen type for P-function and n-
convex function with the help of identities proved by
Mitrinovic et al..

Keywords: Convex function, n-convex function, P-
function, Steffensen inequality, Hermite-Hadamard
inequality.

1. Introduction

Many function classes have been defined in the
historical process of mathematics and one of these
function classes is the class of convex functions. This
function class has offered new application areas to
mathematicians. The definition of this function class,
which allows many new results to be obtained with
the studies carried out on it and therefore attracts the
attention of mathematicians, is as follows.

Definition 1.1 The function f :[a,bJcR—>R,is
said to be convex if the following inequality holds

f X+ (1=)Y) <A )+ 1= (y) @1
forall X,y e[a,b] and 4 €[0,1]. We say that f

is concave if (—f) is convex.
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One of the most important results obtained for convex
functions is the inequality given below which is
known as Hermite Hadamard inequality in the
literature.

Assume that f : 1 cR — R is a convex function

defined on the interval | of R where a<b. The
following statement holds

b
f(mjgljf(x)dxgw_ (1.2)
2 b-as 2

Both inequalities hold in the reversed direction if f
is concave.

One of the functions defined in the class of convex
functions is the n-convex function. In (Gordji et al.
2015), Gordji et al. introduced the idea of n-convex
functions as generalization of ordinary convex
functions and gave the following definition for n-
convexity of functions.

Definition 1.2 A function f :[a,b] & R issaid to

be n-convex (or convex with respect to ) if the
inequality

f(Ax+(1-2)y) < F(y) +An(f(x), f(y))
holds for all X,y e[a,b], 24<[0,1] and 7 is
defined by 77: f([a,b])x f([a,b]) > R.

In the above definition if we set 77(X,y) = X—Y,

then we can directly obtain the classical definition of
a convex function. To see more results and details on
n-convex functions see (Delavar and Dragomir 2017,
Gordji et al. 2015, Gordji et al. 2016).
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Another function defined in the different class of
functions is the P function and its definition is given
below.

Definition 1.3 (Dragomir et al. 1995) A function
f:1cR—>R is P function or that f belongs

to the class of P(1), if it is nonnegative and for

a,bel and A €[0,1] satisfies the following
inequality,

f (Aa+(1-A)b) < f(a) + f (b).
The Hermite-Hadamard inequality obtained for P

functions is as follows.
Theorem 1.1 (Dragomir et al. 1995, Dragomir and

Pearce 200) Let | =[a,b]. Let P(l) be class of P
functions definedon | and f € P(l) be integrable

function, then the following inequality of Hermite-
Hadamard type holds

f[a;bj < ﬁ f’f (dx<2(f(@)+ fb)) (1.3)

In order to study certain inequalities between mean
values, Steffensen (Steffensen 1918) has proved to
following inequality (see also (Mitrinovic 1993,
p.311)):

Theorem 1.2 Let T and g be two integrable
functions defined on (a,b). f is decreasing and for
each t € (a,b), 0< g(t) <1. Then, the following
inequality

[ fmdt<[fmomdt<["t@®dt w4
b-A a a
holds, where A = I:g (t)dt.

Some minor generalization of Steffensen’s inequality
in the (1.4) was considered by Hayashi (Hayashi

1919), using the substituting g(t)/A for g(t),

where A is positive constant. For other result
involving Steffensen’s type inequality, see (Hayashi
1919, Mitrinovic et al. 1993).

In (Mitrinovic et al. 1993), Mitrinovic et al. proved
the following equality:

Lemma 1.l Let f,g:[a,b]cR" —>R be
integrable such that 0 < g(t) <1, forall t €[a,b]

b :
and j g(t) f (t)dt exists. Then we have the
a

following representation
La”f (x)dx— jbf (x)g(x)dx (15)

- j( [a- g(t))dtj £ oodx- [ ( ['o (t)dtj £ (x)d,

+4

and
[ F00geodx— [ f (x)dx (16)

=1 ([laat)1 coax-[} ([ a-g@rat )t x,
where ;:= ["g(t)dt-
In (Alomari et al. 2017), using this identity, Alomari

introduced some new Steffensen type inequalities for
s-convex functions.

The aim of this paper is to obtain new integral
inequalities of Steffensen type for n-convex functions
and P function.

2. Steffensen’s type inequalities for n-convex
function
Theorem 21 Let f,g:[a,b]cR" >R be

integrable such that 0 < g(t) <1, for all t €[a,b]
such that jbg(t)f'(t)dt exists. If f is absolutely

continuous on [a,b] such that | f'| is 77— convex

function on [a,b], then we have

[ odx- [ (x)g(x)dx‘

<ZBIr @120 @+ 2Ll F @D

L (b-a-2y

=Bl @r)lm( £ O f @+ )] G

and

‘ [t (0goax- [ 1 (x)dx‘

+,12{3|f‘(a+ﬂ)l+(3b—3a—5/l)n(|f(b)l.lf'(a+/1)|)} 2.2)
6 b-a-1

b
where A := L g(t)dt.

Proof. Using Lemma 1.1 and since |f | is 7-
convex function, we have
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‘ [t oo f (x)g(x)dx‘

< ‘( [a- g(t))dtj £ (x)dX +

fbAUb g (t)dt) £ (x)dx

< E”U:(l— g(t))dt‘ | ()| dx+ f’}‘ ['g (t)dt‘ | ()] dx

= J':”.[:(l_g(t))dtf()(;a(a+1)+ a+A-—x aj

o P (X-a-4 b—x
] 1 b »d
+-L+4ng() “ [b—a—/l er—a—/I(aJr ) o
<[ a-sa i @1+ 20l £ @l @) o

Xx—a—-A

o Ug(t)dt‘[|f(a+/l)|+b : -

£ ®)Lf <a+/1)|)}

a+A
=],
a+A
gl
a

' jbﬂ‘ [’g (t)dt‘ £ (@t 4)| dx

.

‘|f'(a)|dx

g 2 £ @ DL @)

X—a—-A

(|f )],] ' (a+4)[Jdx

['g (t)dt‘

< f'(a)Ij’:ﬂ(x—a)dx+77(| f‘(a+’;) L @)D Lw(x—a)zdx

+1f @[ (b-x)dx+ Wfﬁm- X)(X—a—A)dx

/13 n( f @+l f @)

If(a)l i

(b-a-A n( f )}

R0 If (@+2)|+

:%[3| f'@)|+2n( f (@a+A)|,| f (a)])]

0T ) @ ) 4 F O (@t )]

and so we proved inequality (2.1). Then similarly

[T 00g0dx- [ 1 (x)dx‘

< ”[ ['g (t)dt) £ (x)dx+ j:_l( [fa- g(t))dtj F (x)dx

<[ Foad] £ oot [ [Fa-a@n £ 0o1dx

="l (t)dt” —(a 2+ a+/1_xajdx
b |eb (x—-a-21 b—x
o Fa-ga|f [b_a_lb+b_a_i(a+ﬂ))dx

o

X

SI:_AI:g(t)dt{l f'(a)|+%an(| Fas)lf @)l

- b”fijf(l—g(t))dt\ﬂ Fasal o f Ol f @) |)}dx

A @1 |[ooddoce [ ][0 =200 f @+ )11 @ Dax

A1 f @+ )] U E (t)dt‘dx

X—a—A7A

+I U - g(t))dt‘ S T O LT @+ 2)hdx
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< f(a)l LH(x—a)dx+ U fv(ii?f"'ﬂfv(a) ) j:fl(x—a)zdx

+| f'(a+l)|J':ﬂ(bfx)dx+Wﬂl(b7x)(x7afﬂ)dx

w| f.(a)|+(b—a3—l)3 n( f'(a+i)|,| f (@)l

+] f'(a+,1)|%+’1 (3b—63&—5/1) n( f (i)llaf_(iawl) )

and so we proved inequality (2.2).

Theorem 2.2 Let f,g:[a,b]cR"™ >R be
integrable such that 0 < g(t) <1, forall t €[a,b]

such that Ibg (t) f (t)dt exists. If f isabsolutely

continuous on [a,b] such that | f' | is 77— convex
function on [a,b], then we have

‘ [ 0odx [ £ () g (0 dx

| @l f(a+)]
2

gJ‘:Jr/lg(t)dt|:ﬂ,[| f(a+/1)|+77(

2

+(b_a_i)(| o)+ 20T @A) f'(b)|)j

_a— : n( f @1l f(@a+)]
<(b-a @Hﬁ(amnﬂu >

(2:3)

: n(Lf @+ f (b))
+(b—a—/1)(|f o) |+ 5 j

and

‘ [T 00g0dx- [ 1 (x)dx‘

sLb_ig(t)dt{(b—a—/l)@ #(o-a)|+ 2 f'(a”';f'(b_ﬂ) 'J

A f'(b)|+77(| f'o-A)LIf (b))
2

s(b—a—/i){(b—a—/l)@ £ (b 2)[+ 20 f'(a”’;f'(b‘)‘)')

il f'(b)|+'7(| f (-2l (b))
2

b
where A := Lg(t)dt.

Proof. From Lemma 1.1, we have

[t Crenonl= sp [[a-som 1 1o

+ sup Ubg(t)dt} [ 17 00ldx

xe[a+4,b] X a

since | f | is 77— convex on [a,b], we get
[ f'(x)|dxs,1[| Fasa)+ 1@ f'(a”)b}

2
and
I:J f'(x)|dxs(b—a—/1)(| # oy [+ 201 “’”’?"' r &) DJ.

Therefore, we have

‘ [ oodx-['f (x)g(x)dx‘

: n( f @] f @@+ 2)]) e
“[' Fa+l > j[] (1- gt

1 20 @)L O Y
+(b—a—ﬂ)(| OIS : j[fwgﬁ)d‘}

< max{[:*"(l— g@O)dt, J':Mg(t)dt[/lﬁ £ (a+2)| +WJ

: n(lf @+ )L f (b))
+(b—a—/1)(|f )|+ 5 ﬂ
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| @l fa+))
2

= -":+/‘»g (t)dt|:ﬂ,[| f(a+l) | 4 77(

2

+(b_a_i)(| RPN ACERO1 f'(b)|)j

which proves the first inequality (2.3). The second
inequality in  (2.3) follows directly, since

0<g(t)<1forall t €[a,b], then

o<[ gt)dt<b-a-2

Similarly

‘ j”f (99 (x)dx— [ :f (x)dx‘ < XE[sngA][ [ (t)dt}j:”’ | £ (x)|dx
[ (1 dt}jb (0] dx

+ sup [(a-g)dt|f

since | f' | is 77— convex on [a,b], we get

[ f'(x)ldxs(b—a—mﬁ t -2+ f'(a)"'zf'(b‘”'))

and

[ f'(x)|dxs/1[| (b)) +20F =2l f'(b)l)}

2
Therefore, we have

‘ [T 00g0dx- [ 1 (x)dx‘

- 20 £ @I (b-2)) Y s
qb_a_l)(' ro=A 2 JU 90t |

oy 20 O=DL TG Y
+z[| £ o)+ E J[ [ a-o@yt]

< max{[:"g(t)dt, [ a- g(t))dt[(b— a—ﬂ)[| (-2 +wj

M@ oy 20T =R f'(b)|)]]
2

:j:_Ag(t)dt{(b—a—/i)D f'(b_ﬂmn(l f'(a)|,|2f'(b_,1)|)j

A

M@ iyl 2L A (b)|)]]
which proves the first inequality (2.4). The second
inequality in  (2.4) follows directly, since

0<g(t) <1 forall t e[a,b], then

b—1
osL g(t)dt<b-a-A.

Theorem 2.3 Let f,g:[a,b]cR" >R be
integrable such that 0 < g(t) <1, forall t €[a,b]

such that Ibg (t) f (t)dt exists. If f isabsolutely
a

continuous on [a,b] such that | f | is 77— convex
function on [@,b] and g > 1, then we have

a+A b
‘L f (X)dX—J-a f (X)g(X)dX‘
<2 [(lf(a+ﬂ)|q+’7(|f'(a)lq,lf'(a+,1)|QJq
< T 2

(p+1)°

+(b—5‘—11)2(| f'(b)|° L f'(a+1)2|“,| f (b) I“)Jq]
(p+1)°

(2.5)
and

‘ [tf0gmdx-[ 1 (x)dx‘

_(b-a-2y {( A (NG f'(b—qu
(p+1)° i

- [If'(b)|q+’7(|f'(b—z)|q,|f'(b)l‘*)Jq

_I_—
L 2

(p+D)°
(2.6)

b
where 4 := Lg(t)dt .

Proof. From Lemma 1.1, 77— convexity of | f |°
and using the Holder inequality for (>1, and

p= a9 , We obtain

[ o't (x)g(x)dx‘

<[ 1“ a- g(t))dt‘ | £ (x) [ dx+ fb;Ub g (t)dt‘ [F 00 ldx

< ( [ a- g(t))dt‘pdxj’l)( 1 00r dx):




42| E. Setetal.

EAJS, Vol. 9 Issue 2

+[ L jfg(t)dt‘pdx]’l’( [ If0r dx); =M

2.7)
where P is the conjugate of (.

since | f*|* is 77 —convex on [a,b], we have

[ If o dxsi[l flassp T @ T@) 'q)],

2
and

[EECL dxs(bfa—i)[l o+ f'(a”)z'”" O, 'q)j

which gives by (2.7)

M S(J':M(x—a)l’dx);,ﬁ{l f'a+a)l A '@ |“,|2f1(3+ﬂ) lq)T

+(.[:M(b‘X)pdxjg(b—a—/l)ab £ (o) + 120 f'(a+ﬂ)2|CI,| f'(b) |q)}g

Qo

2 [\ ¢ sy s 10T @ELE @D
2

(p+1)° -
,(b-a- z) {lf(b)lq 0 @A O]
(|0+1)p ?

|k

giving the inequality (2.5). Similarly
b b
‘ [T 0g00dx-[ 1 (x)dx‘ 28)

<[ owad r oataxe [ |Fa-gea) t olex

1

< Ub }"‘ [0 (t)dt‘ p dx]p[ [ eor dxjé
+U:AJ-:(1_9('[))dt dejiU | (x)|° dx)rla

where P is the conjugate of (.

since | f | is 77 —convex on [a,b], we have

17 0 dxso-a-2f o= HUE@LIEEZA0)

and

J:il| £ () dXSﬂ.O f'(b) +77(| fl(b_l)2|ql| f'(b)|q)]

which gives by (2.8)

N s(j:"(x—a)ndxf(b—a-i)a[l Fo-pp 1@ Iq’lzf‘(b%) lq)T

1

+U;1(b—x)pd><jp/l{| # oy 2O O

ok

2

=)

_(b-a-a {lf(b D+ n(|f'(a)|q,|2f'<b—z)|'*)‘
(p+1)p

2 th— 219 1 £ (h)19) |a

LA 1[|f'(b)|q+n(|f(b IEROIDIE

= 2
(p+1)°
giving the inequality (2.6).

3. Steffensen’s type inequalities for P- function
Theorem 3.1 Let f,g:[a,b]cR" >R be
integrable such that 0 < g(t) <1, forall t €[a,b]

such that Ibg (t) f (t)dt exists. If f is absolutely
a

continuous on [a,b] such that | | is P function
on [a,Db], then we have

I:Mf (X)dx—f:f (X)g(X)dX‘ (3.1)

s%zﬂ f'(a)|+]| f'(a+1)|]+@[| £ (b)|+] ' (a+A)]

and

[, 0990ax- [ (0dx 52

 b-a- 1)2

[ @)+ f (a+/1)|]+—[|f ®)|+] f @a+2)]]

b
where A := L g(t)dt.

Proof. Using Lemma 1.1 and since |f | is P
function, we have

‘ [ o't (x)g(x)dx‘

< ‘( [a- g(t))dt) £ (X)X +

:M( ['g (t)dtj £ (x)dx‘

<[ a-godi £ potex+ [ |[a@at] £ 0olx
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a [dx

J~a+l

[‘@-g@)at 1 7(a+/1)+a”‘x j

dx

[ jg(t)dt X= a_jb bt_):;,(a”“))

<[ Ua(l—g(t))dt‘ﬂ f'a+ )|+ (a) |
[ Ibg(t)dt‘[lf'(b)|+|f'(a+/1)|]dx
:ja”jl o001 2) e [ 0 g0 (2

0
a+/)

<["(x-a)| '@+ )| de+ [ (x-2)| () | dx

@] 1 @) ax+ [ [[oat] 1 (a+ )] ox
+I:M(b—x)| f'(b)|dx+'[;+i(b—x)| f'(a+2)|dx
= f'@+ )| [ (x-a)der| (@) [ (x-a)dx

HEOI[ o-xdxt[f @+)|[ (b-xdx
(b-a- z)

:/;[If'(a+l)|+|f'(a)|] [f O+ @+

and so we proved inequality (3.1). Then similarly

[fgmdx-[ f (x)dx‘

< ”( ['g (t)dtj £ (x)dx+

;[ [la-gyt)f eoox

<[ awa) og1axe [ |['a-gtona) £ olax

+J-bbaj.;(1_g(t))dtf(;:::j b+ bE;f/l (a+/1)jdx

< j“‘ j:g(t)dt‘ﬂ £+ )|+ f (@) dx

+ m [a- g(t))dt‘ﬂ £(0)]+] f (a+ 1) [dx

- f (@t )| j““g (t)dt‘dx+ 1 ()| j“‘ ['g (t)dt‘dx

L1 )] jbb%‘ [’y (t)dt‘dx+| '@+l U [a- g(t))dt‘dx
. b—-1 . b—-1

q f (a+ﬂ)|L (x—a)dx+| f (a)|L (x—a)dx

HEOI[ o-x)dxt| £ @+ )| (b-x)dx

=(b“"‘2‘1) [|f'(a+/1)|+|f'(a)I]+%[If'(b)|+|f'(a”)“

and so we proved inequality (3.2).

Theorem 3.2 Let f,g:[a,b]cR" >R be
integrable such that 0 < g(t) <1, forall t €[a,b]
such that rg (t) f (t)dt exists. If f isabsolutely

continuous on [a,b] suchthat | | is P function
on [a,b], then the following inequalities holds

[ o't (x)g(x)dx‘

S(J:Mg(t)dtJ[/lﬂ £'@)]+] f @@+ )|+ b-a-2)( f @+a)+ f )]

<(b-a-A)A( f'(@)|+| ' (@+2)|)+(o-a-A) f @+A)+| f (B)[]
and

[f0gmdx-[ f (x)dx‘

s(j:”'g(t)dt)[(b—a—z)q £ (o-A)|+] £ @)+ A( F 0)[+] F (- 2)|)]

<Ab-a-2)( f'O-2) |+ f @)+ f O+ (-4

b
where A := Lg(t)dt.

Proof. From Lemma 1.1, we can write
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o et g [[o- sl o

+ sup [ ['o (t)dt} [ 1100l

xe[a+1,b]

Since | | is P function on [a,b] and using (1.3),
we have

[0 1ax< ] £ @1+ F @+ 1))
and

j;+i| £ () |dx<(o—a-2)( f (@+2)+| f (0)])

Therefore, we have

‘ [t 0odx- [ (x)g(x)dx‘
<A £ @]+ (a+A) |H:M(1—g(t))dt]

rb-a-2) f'@+)+] f (b) |[ J‘:Mg(t)dt}
< max{[:”(l— g(t)dt, J’:Mg (t)dtb(| f'(a)|+ f'(a+4)])
+(b-a—A)( f (@+A)y+| f (b))

- U:Mg(t)dt)[/i(l {'(@)[+] f (a+) |+ b-a-A)( f (a+2)+|{ O]

Since 0<g(t) <1 forall t €[a,b], we can write

b
OS.[aMg(t)dtsb—a—/I.

So, we obtained

‘ [ 0dx- [t (x)g(x)dx‘

SU:Mg(t)dt)[ﬂ(l {'(@)[+] F (a+ )+ -a-2)| £ (a+ 24| £ )]

<lb-a- ALl f @)]+] F (a+2) [} b-a-A f @+ 2| T (B))

Similarly

Lbf (x)g(x)dx—L:f (X)dx < sup { [9 (t)dt}j:ﬂ ()] dx

xe[a,b-4]

+ sup [J.f(l—g(t))dtl[bb_ﬂf'(x)|dx.

xe[b—2,b]

since | f | is P function on [a,b] and using (1.3),
we get

1 0lax<-a-2) ' (0-2)[+ F (@)])
and

1T 0lax<a( £ ®)1+1 F o-2)1)

Therefore, we have

‘ [T 00g0dx- [ 1 (x)dx‘
<-a-2)(f G-+ f @ |H:lg(t)dt}
X EROTRTRRCEY) RO

< max{[:”’g(t)dt,jb:(l— g@)dtfb-a-2)( ' (b-4)+ f (a)])
+ A £ () |+] f (b=A)|)
=([} - ot Jo-a-( £ G-2) 1+ @]+ 2 1 ©)1+1f -]

Since 0< g(t) <1 forall t €[a,b], we can write

o< (1-g®)dt<i

So, we obtained

[1e0g(dx—[ (x)dx
a b-4
s(j:”'g(t)dt)[(bfafz)q £ (b=A) |+ F @)+ A( F (B)|+] f (b-2) ]

<Hflb-a-A) £ (-2 |+ T @Al £ )]+ f 0-A)|]
and the proof is completed.

4. Conclusion

In the present paper, we prove some Steffensen’s type
inequalities by utilizing P -function and 77 -convex
function. The new bounds can establish by used
different classes of convex functions instead of this
convex functions by researches interested in the
subject.
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