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ABSTRACT

In this paper, some characterizations of surfaces which are constructed by using the group operation in
Heis, are given. Then, a new classification for minimal factorable surfaces in Heis, is obtained.
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Heis, de Iki Egri Tarafindan Uretilen Yiizeylerin Bazi Karakterizasyonlar
(0)/

Bu makalede, 3- boyutlu Heisenberg grubunda, grup c¢arpimiyla elde edilen yiizeylerin bazi
karakterizasyonlar1 incelendi. Daha sonra, 3- boyutlu Heisenberg grubunda minimal factorable yiizeylerin
yeni bir siniflandirmasi elde edildi..
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1. INTRODUCTION

Much of the modern global theory of complete
minimal surfaces in three dimensional Euclidean
space has been affected by the work of Osserman
during the 1960's. Recently, many of the global
questions arose in this classical subject. These
questions deal with analytic and conformal
properties, the geometry and asymptotic behavior,
and the topology and classification of the images
of certain injective minimal immersions ¢: M —

E® which are complete in the induced Riemannian
metric, [1-6]. In [7], a Weierstrass representation
formula for simply connected immersed minimal
surfaces in Heisenberg group H2™*1 is studied.

A surface S in the Euclidean 3-space is denoted

by
r(u,v)={x(u,v), y(u,v), z(u,v)} .
A classification and some fundamental formulas is

given for factorable surfaces which are
parametrized as

z=f(x)g(y) or y=1f(x)g(z) or x=rf(y)o(z)
in the Euclidean space and in the Minkowski
space, where f and g are smooth functions on

some interval of R, [8,9]. In [9], factorable
surfaces in 3- dimensional Minkowski space is
studied and some classification of such surfaces
whose mean curvature and Gauss curvature satisfy
certain conditions are given.

A factorable surface in Heis,, which is given by a

left invariant Riemannian metric, parametrized
with group product for two curves. The purpose of
this paper is to study and classify minimal surfaces
and minimal factorable surfaces which are
obtained with group operation in Heis,.

2. PRELIMINARIES

The Heisenberg group Heis, is defined as R®
with the group operation

(% y,2)*(x,y,,2,)= (x+x1, y+Y,2+12, nL%(xy1 —xly)j. 1)

The left invariant Riemannian metric given by

2
g = ds® = dx? + dy? +(dz+%(ydx— xdy)j )
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The following vector fields form a left invariant
orthonormal frame on Heis,, which is given the
left invariant Riemann metric g :
l_g_zg1e2— 0 52,9322.(3)
ox 20z oy 20z oz
These vector fields are dual to the coframe

wh=dx, w’ =dy,w’ :dz+%dx—§dy. (4)

We obtain

0 e -e,
2Veiej =l-e 0 ¢ | (%)
-e, ¢ O
also, we have the Heisenberg bracket relations.
ee.]=e e e]=[ee1=0.  (6)

Let @:M — Heis, be an orientable surface,
isometrically immersed in Heis,. Denote the Levi-

Civita connections of M and Heis; by V and V

, respectively. Let X and Y denote vector fields
tangentto M and let N be a normal vector field.
Then the Gauss and Weingarten formulas are
given, respectively,

V.Y =V, Y +h(X,Y)N, )

V,Y =-AX,
where h and A are the second fundamental form
and the shape operator. It is well known that the
second fundamental form h and the shape
operator A are related by

h(X,Y)=g(AX,Y). (8)
At each tangent plane T.M, {¢,,0,} is a basis,
where u, v are local coordinates on M . Denote

by E, F, G the coefficients of the first
fundamental formon M :

E=9(p,.0.)F =00, 0)G=0.0) (9
Let {p,,¢,} form an arbitrary basis on the surface
M. We know that A is a self-adjoint
endomorphism with respect to the metric on M,
that is, g(A(u),v)=g(u, A(v)), u, veT,M. Also,

_g(VxN1Y): g(va’N)- (10)
At each tangent plane T,M it can be taken a basis
{0, 0.} and

Ap,)==V, N=h, +h,e,,  (11)

A(¢v): _vgov N = h21¢u + h22(pv'

So, the mean curvature of the surface is
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H = Grﬁl_ Fhlz — Fh221+ Ehzz ) (12)
2(EG-F?)

It is known that, minimal surface is obtain with

H =0. So, M is a minimal surface if and only if

Gh, —Fh,—-Fh,, +Eh,, =0. (13)
The Gaussian curvature of the surface is

K = j—yh”gé :E{‘ﬂ _ (14)

3. MINIMAL SURFACES IN Heis,

In this section, a new type of surfaces which are
defined by two curves in Heis, is obtained. Also,

some characterizations of this surface is given.

Theorem 3.1. Let a(x)=(e,(x) a,(x) a,(x)) and
By)=(B.(y)B,(y) B(y)  be differentiable

nongeodesic curves in Heis, which is endowed
with left invariant Riemannian metric g. Then,
with the group operation in the equality (2.1), there
is a ¢g(x,y)=a(x)*B(y) surface in (Heis,, g)
The mean curvature of the surface ¢(x,y) is

1

H = ||n||(EG——FZ){(a'2Q_ PB)I[G(aa, +a,P)

VE(BLA + AiQ)— Flauf + fa]
+%(a;Q+ﬂ'2P+ﬁ'2P+a;Q)

+(4Q - AP)[G(enex, — 4 P)
+E(B,8, - Q) ~F(a. 8, + frex, (15)

(AP +aQ+GQ+ fiP)

+ (6, - PGP, + P s~ )
FE(BQ+ AQ)@f ~ i)

- F(a;LQx +a'2Qy +IB1.PX +ﬂ'2Py

+2 (G, i~ T

where

P= (@, +26)-dy(e+2A) +20), (16

Q= (Aif, - Bifi+25) 1)
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E, F and G the are coefficients of the first
fundamental form.

Proof. From derivatives of the surface

o(x,y)=al(x)*B(y) (18)

depend to x and y, we have
: : 1, .
O (X’ y) =o€ + a6, + E(al (o, +2,)
—a, (o +2) +2a,)e;, (19)

0, (xY)= ey + s +2 (5P~ Pl +2)e,. (20)

From equations (19) and (20), coefficients of the
first fundamental form are

E=9(p.0)= "+ +P?, (21)
F=glp.o,)=a B +a,B8+PQ  (22)
G=glp,.0,)= A7+ 5 +Q%, (23)

On the other hand, if (5), (19) and (20) are thought
together, Levi- Civita connections obtained as

V, 0, = (@0, +a,P)e + (e, —aiPe, (24)

+ (aiPx + a'z Py)es,

V, ¢, =(@f + % (@,Q+ B,P))e,
+ (@~ (P + Qe (25)

+(@Q + i, + 3 (@ff ~ s e

V, 0= (45 (AP aQe
+ (i~ (@Q+ AP, (26)

AP+ P, +5 (Gfh - )e

Vo, 0y = (BB + BQ)e.+ (8.5, - A, (27)
+ (ﬁle +ﬁI2Qy)e3'

The unit normal vector field of the surface ¢(x, y)
is

N = i((a'zQ —PB,)e, —(aQ - BP)e, + (a5, —a, B,.)e,
(28)
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where

In| = V(@Q ~PB)? +(aQ~ BiP)* +(auB, —  5.)*.

From (24) - (28) coefficients of the second
fundamental form are

[(azQ Pﬂz)(alal + 0(2 P)

al
~(Q~ AP, ~;P) (29)

+(anfB, — B )P, + P,

” ” [(azQ Pﬂz)(QZﬂl += (azQ"‘ﬂz P)

~(@Q-APN@Ss ~S (AP +aQ)  (30)

+(@f— ), e, + 5 (@~

” ” (azQ Pﬂz)(ﬂlal +- (ﬂzp"'azQ))

~(@Q- APNfid; -5 (@Q+ AP (31)

(@, =GP+ PP+ 5 (@f i)
22 ” ” [(azQ Pﬂz)(ﬂzﬂl + ﬂZQ)
—(,Q - B P)(B., - AQ) (32)
+(af; —aB)BQ,+ BQ))]:

Then, if (21)- (23), (29)- (32) are written in the
equation (12), the mean curvature of the surface

olx y) is (15).

Corollary 3.2. Let ¢(x,y) be a surface in
(Heis,, g). If o(x,y) is a minimal surface, then

(,Q~PB,)[G(eney +a,P)

+E(B.5 + BQ) -~ Flafy + By
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+%(a;Q+ﬁ;P+ﬁ£P+a;Q)]
+(@Q- AP)G(ed, —aP)

VEBB, - BQ) - F(a,f, + .d, (33)
—%(ﬁiP+aiQ+aiQ+ﬂiP)]

H(&B, B @P, + P, )by — )
YE(BQ. + BQ,) e — b))

- F(ale + a'ZQy +ﬁ:‘LPx +ﬁ.;_Py

" % (G, + iy, — o — )] =0,

4. FACTORABLE SURFACES IN Heis,

In this section we deduce new types of factorable
surfaces in Heis,. Moreover we obtain some

characterizations of these surfaces. Then, some
comperations are given with tables for new types
of factorable surfaces.

4.1 Surfaces of Type 1

Let « and g be curvesin Heis,, which are given

by a(x)=(w(x)0.c)  Aly)=0v,(y)—c) The
factorable surface (X, y)=a(x)* S(y) of type 1
is can be parmetrized as

co(x,y)=(() c)*(0,v,(y)—c)
=[u() ul (W, (y) ] (34)

where ¢ is a nonzero constant.

Theorem 4.1. Let (p(x, y) be factorable surface of
type 1 in Heis, which is endowed Riemannian
metric. ¢(x, y) is a minimal surface in Heis,.

Proof. From (34), it can be easily obtain,

@y = ull(XXel +V,6, )! (35)
9, =V,(y)e,. (36)

An orthogonal vector at each point is
N = ;(— V,€, +6, ) (37)

1+VZ(y)

The coefficients of the flrst fundamental form are
E = 9(p,.0,) = U (X)i+v2) (38)
1535



"Giilden Altay Suroglu
Some characterizations of surfaces generated by two curves in heis3..."

F=dlp.0,)=9lp,.0)=0, (39)

G=glp,.0,)= V7. (40)
On the other hand, from (5),

Vo @ = Uy (X (e =0y (v, (v Je, +uy () (x v, (Y Jes,

(41)

v, = 20 e) (@)

V, 0= Sy ve) (@)

Yy, @ =V (YN (Yes: (44)

So, the coefficients of second fundamental form
are

h, =0, (45)
_ uOv(y) e
2] -vi(y)) (46)
_ uOv(y) e
e vrw v L-v2(y)) (47)
h,, = 0. (48)

Then, from equations (45)- (48) and (12), we have
the mean curvature of the surface ¢ is H = 0. So,
the surface @(x, y) is a minimal surface.

Corollary 4.2. Let ¢(x, y) be factorable surface of
type 1 ¢@(x,y) in Heis, which is endowed

Riemannian metric. The Gaussian curvature of
o(x,y) is K <0 forall points in Heis,.

Proof. From equations (45)- (48) , we have

_ _ (a-vi»))?
K= 4(1+v3 (y))? (49)

Example4.3.Let
o(x,y)= (sin X,COSY, %sin X COS yj is a factorable

surface Type 1 in (Heis,,g). The mean curvature
of p(x,y) is, H =0. Then, ¢(x,y) is a minimal
surface in (Heis,, g).
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Figure 1. Minimal factorable surface Typel
in (Heis,, g).

4.2 Surfaces of Type 2

Let o and S be curves in Heis;, which are given

by a(x)=(0,u(x)d), A(y)=(w(y)0-d) The
factorable surface M (e, )= a(x)* B(y) of type 1
is can be parmetrized as

)
(%)= (0,u,(x), ) (v,(y)0,-d)
:(w() () vl<y>u<>j, (50)

where d is a nonzero constant.

Theorem 4.4. Let y(x,y) is factorable surface of
type 2 in the Heis,. y(x,y) is a minimal surface
if and only if v,(y)=constant.

Proof. The mean curvature of the surface  is can

be obtain as

v
3/2 °

2(1+ v (y))

v, =0,
the surface /(x, y) is a minimal surface.

H= (51)

So, if

Corollary 4.5 The Gaussian curvature of
factorable surface of type 2 w(x,y) in Heis, is

_ W) +u3 () 1-v3 ()
k= 4(1+v3 (y))? ' (52)

Example4.6.Leta eR,

y/(x,y):(a,cosx,%acosxj is a factorable
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surface Type 2 in (Heisg, g). The mean curvature
of w(x,y) is H=0. Then, ¢(x,y) is a minimal
surface in (Heis,, g).

Figure 2. Minimal factorable surface Type2 in
(Heis,, ).
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