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Quaternion-Based Robust Satellite Attitude
Tracking Control

J. Dasdemir

Abstract— In this paper, a nonlinear robust quaternion-based
controller is developed to address the three-axis attitude tracking
control problem of rigid spacecraft in presence of parametric
uncertainties, unknown external disturbances and sensor noise. As
a first step, a robust controller is designed that compensates
parametric uncertainty and disturbance effects. The robust
controller then reformulated to deal also with sensor noise.
Singularity free unit quaternions are used to represent the attitude
of the satellite in three-dimensional space. The Lyapunov-based
stability analysis is applied to prove that a uniformly ultimately
bounded tracking result is achieved. Simulation results are
presented to illustrate the feasibility of the proposed control
strategy.

Index Terms— Attitude tracking, unit quaternion, robust
control, sensor noise.

. INTRODUCTION

HE attitude tracking control problem of rigid bodies

received much attention for decades due to its application
areas ranging from robot manipulators to satellites and still
continuous to be an active research area [1-3]. Especially, in
applications such as satellite surveillance and communication,
a considerable amount of effort has been devoted to solve both
stabilization and tracking problems. The challenging nature of
the attitude tracking control problem arises not only from the
nonlinearity of the dynamics but also the representation of the
attitude  kinematics. There are several kinematic
parameterizations for orientation angles [4]: Three-parameter
representations such as Euler angles, Rodriguez parameters and
modified Rodrigues parameters, limited because of kinematic
singularities and non-singular, four-parameter representation
by unit quaternions with a constraint equation. The control
problem can be further complicated in presence of parametric
uncertainties, unknown disturbances and sensor noise
simultaneously.

The attitude control problem of a spacecraft in the presence
of disturbance and/or uncertainties has been extensively
studied. Many different control strategies including, adaptive
control [5-6], sliding mode control [7-8] and robust control
methods [9-10] were proposed in the literature and all these
methods have their own advantages as well as disadvantages.
Sliding mode control is a widely preferred control method due
to its simple and inherently robust structure.
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However, sliding mode control might excite the high frequency
unmodeled dynamics in practical applications [11]. Thus, it can
lead to control performance deterioration. A typical adaptive
control mechanism is the combination of on-line estimation and
control and it has limitations that if uncertain parameters enter
the system model in complicated ways, it might be problematic
to obtain continuously parameterized control structures and
they are also not robust against external disturbances [12-13].
Robust controllers exhibit satisfactory performance against
different types of disturbances but they might have large torque
demands. Exponential convergence rate with infinite settling
time is also a drawback of conventional robust and sliding mode
control techniques [14]. In order to eliminate these
shortcomings, there are several works on designing finite time
control structures mostly based on terminal sliding mode
control. However, most of the proposed methods present either
slow convergence speed, if state is away from equilibrium, or
posses chattering phenomena due to discontinuities [15-16].

All the aforementioned control methods have strength
against model uncertainties and/or disturbances. However,
none of these papers have considered sensor noise effects.
Attitude tracking control of a rigid spacecraft in presence of
parametric uncertainties, unknown disturbances and sensor
noise is an important problem and should be considered
together in control development, in particular for real-time
implementations. Performance of a control algorithm also
depends on the quality of the available measurements and on-
line computation of the algorithm. For applications with
demanding sampling times or limited computational recourses,
this on-line computation requirement can be problematic [17].
If the control law is also contaminated by sensor noise,
performance degradation is inevitable. Moreover, low cost,
small satellites considered in this study require less energy
consumption and do not have sufficient onboard resources to
implement complex algorithms [18]. The onboard hardware is
usually very limited. Hence, complicated control structures may
not perform well particularly in presence of sensor noise. In this
work, to overcome this implementation issues, the significant
part of the control algorithm formulated without dependence on
measurement values. Instead, the predefined desired values
have been utilized. Hence, computation burden, sensor
contaminations and control energy requirement are relatively
reduced.

In this paper, a new robust attitude tracking control method
that takes into account the simultaneous effects of parametric
uncertainties, external disturbances and measurement noise has
been proposed. Firstly, a transformation, introduced in [19] is
used for the open-loop tracking error dynamics. As a first step,
a typical robust controller is designed to compensate the
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adverse effects of uncertainties in inertia matrix and external
disturbances. Then, ultimate boundedness result is obtained
through Lyapunov-type stability analysis. Subsequently, to
obtain a better performance in the presence of sensor noise, the
former control algorithm is exploited to design the new control
structure and it is shown that the proposed control method
ensures uniformly ultimately bounded attitude tracking.

The paper is organized as follows: Section Il provides the
dynamic and kinematic model of the satellite. The problem
statement and the open-loop error system dynamics are
introduced in Section I11. In Section IV and V, both standard
robust control and the newly proposed control developments
are presented. Numerical results are shown in Section VI.
Finally, Section VI presents some concluding remarks.

Il. MODEL FORMULATION

A. Dynamic Model

Motivated by the need to obtain the dynamic and kinematic
model of the rigid spacecraft, two frames denoted by I =
{x;,y1,z;}and B = {x3, vz, z5} are utilized. Let | be the inertial
reference frame and the origin of this orthogonal frame is
located in the center of the earth. The other frame B is the body-
fixed frame attached to the center of mass of the satellite. There
are also reaction wheels, as actuator mechanisms, located on
each axis of the body-fixed frame to control the attitude of the
rigid spacecraft. The dynamic model of the satellite can be
expressed as follows [20]:

Jo =—-w*Jo+T+14 1)

where ] € R3*3 is positive-definite, constant, symmetric inertia
matrix, w(t) € R® is the angular velocity of the body-fixed
frame with respect to the inertial reference frame. 7(t) € R3 is
the torque input control vector and 7, € R? is a bounded
disturbance vector, and the notation ¢*, V{ =[{; ¢ G]F
represents the skew-symmetric matrix:

0 -G &
= [ GG 0 = le )
-6 4 0

Property 1: The inertia matrix can be lower and upper
bounded by the following inequalities:
JAlI? <87J8 < pliNI7 vE ER® ®)
Where j;,j, € R are some positive constants, and ||-|| denotes
the standard Euclidean norm.

Remark 1: The disturbance  vector 7,4(t) =
[T41(2), T42(t), T43(t)]T can be upper bounded as follows:

lzall < &ea 4)

B. Kinematic Model

In this this work, kinematics of the satellite will be described
using unit quaternions, due to their nonsingular and
computationally effective representation. According to the
Euler’s Theorem, any rotation matrix can be defined uniquely
by a rotation angle 9(t) € R about an appropriate unit vector
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k(t) € R3. Thus, based on a given (9, k) € R*, an alternative
parametrization of the attitude can be obtained by four-
parameter unit quaternions as follows [20]:

qo(t) £ cos (%19) (5)
q,(t) 2 k sin (%19) (6)

In Equations (5) and (6), q(t) = {qo(t),q,(t)} € R x R3
denotes the unit quaternion defining the orientation of the body-
fixed frame B with respect to the inertial frame I, subject to the
constraint

4y +q5 =1 7

The rotation matrix R(q,, q,) € SO(3) that brings I onto B
can be calculated as

R = (4§ — 43 9,) 15 + 20,a3 — 2q0qy; (8)

where I; € R3*3 represents 3x3 identity matrix. Hence, the
differential equation describing the attitude kinematics of the
satellite can be expressed by using unit quaternions as follows
[21]:

1
Go = — 2 q,fw (9)
. 1
v = 5 (@5 @ + qow) (10)
Equations (9) and (10) can be modified as
1
§=32(qw (11)

where Z(q) = [27, 2717 € R**® with £, =—ql and %, =
g5 + qol5 respectively. The angular velocity of the body-fixed
frame with respect to the inertial frame expressed in the body-
fixed frame can be obtained according to Equations (9) and (10)
in the following form:
w = 2(q09y — qv90) — 245 Gy 12)
I1l. PROBLEM STATEMENT AND QUATERNION ERROR
DYNAMICS
In order to express the desired attitude of the satellite, another
body-fixed reference frame B; = {Xz4, V54, Zgq} iS defined.
The orientation of this frame with respect to the inertial frame
can be defined by the desired unit quaternion g,(t) =
{q0a(®), q,4(6)} € R x R® with a similar constraint given in
Equation (7):
Twaqva + q6a = 1 (13)
The rotation matrix that brings inertial frame 7 onto the desired
reference body-fixed frame B, can be calculated as

Rq = (%a — BhaTva)ls + 20vaQia — 2Goadng (14)
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The relation between the desired unit quaternion and the
angular velocity of the desired body-fixed reference frame with
respect to the inertial frame expressed in desired frame w, (t) €
R3 can be stated as follows:

(15)

Goa = — > Ta®q

1
4y = E(q;(w + qow) (16)
Through the help of £,(q) =[], 27,17 € R**3 with £o4 =
—qr; and T4 = q% + qoals respectively, Equations (15-16)
can be written in a compact form as

1

Gq = Eza(Q)wd (17)

Utilizing Equations (15-16), the desired angular velocity can be
obtained as:
wa = 2(qoaqva — Gvadoa) — 2qpadva (18)
In order to achieve the control objective, the attitude of the
body-fixed frame B should track the desired body-fixed
frame B,. To describe this objective, an attitude tracking error
term R(eg, e,) € R3*3, defining the mismatch, stated in the
following as performance criteria
R 2 RRT = (e —ele,)I; + 2e,el — 2e4e) (19)
where the quaternion tracking error e(t) = {e,(t),e,(t)} €

R x R3 can be represented explicitly as follows with a similar
constraint given in Equation (7).

o = qoqoa + 4y Gva (20)
€y = Qoadv — 909va + 9 Gva (21)
ele, +e2=1 (22)

Note that according to the Equation (19), the control goal will
be achieved as the mismatch term converges to the identity
matrix as follows

limR — I,

t—>oo

(23)

It is obvious that Equation (23) will be guaranteed if the
following condition is satisfied

lle,(Oll = 0= [egl — 1 (24)
and according to Equation (22)
0<lle,(ODN <1 0=<le(®)<1 (25)

The angular velocity tracking error can also be defined by the
use of Equation (19) in the following form
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@ =w-—Rw, (26)

Based on the previous formulations, specifically, using
Equation (1), (9-10), (15-16), (20-21) and (26) The open loop
tracking error dynamics of the satellite to be controlled can be
obtained as follows

J& = —(@ + Rwg) ] (& + Rwg)

- - 27
+](6XR(J)d_R(J:)d)+T+Td ( )

N ~
ey = E(ev + 6013)0-) (28)

Remark 2: It is supposed that both g, (t) and gq,4(t) and
their first two time derivatives are bounded. Thus, w4 (t) and
its derivative are bounded for all time.

Equation (28) can be modified with the use of T (ey, e,,) € R3*3
as defined below

T 2 ef +eyls (30)
1
¢, =T (31)

Taking the time derivative of (31) and premultiplying both sides
of the resulting equation by T-7JT~1

1 . 1 .

]*év=§]*T5+EPT]5 (32)

can be obtained where J*(e,, e,) € R3*® and P(e,, e,) € R3*3
are defined as follows:

1 . 1 .
]*év=E]*T5+EPT]5 (33)

J* 2 pTjp (34)

After substituting (27) into (32), the following open loop error
dynamics can be attained

Jé,+Ce,+N -1, =1" (35)

where the new terms 7* € R3, 7 € R3, C*(e,, ey, &,) € R3*3
and N*(e,, eq, &, wg, wg4) € R3 are defined as

1
ra_pT 36
TP (36)

1
T, 2 EPT‘rd (37)
C* 2 —J*P~1Pp — 2PT(JPé,)*P (38)
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N* £ PT[(Pé,)*Rwg] + PT [(Rwy) Pé, ]

1 ~ ~
— 5 PTJl(2Pé,)*Rwa — Rial - (39)

+ %PT [(Rwd)xjﬁwd]

The following property will be utilized in the subsequent
controller design and analysis sections

Property 2: The inertia and the centripetal- Coriolis matrices
satisfy the following skew-symmetric property

v& e R3 (40)

e (3 -c)e=0

Remark3: Note that the Jacobian matrix in Equation (30) can

be invertible, if the following condition is satisfied
det(T) = eo(t) # 0, Vvt € [0, o) (41)

To guarantee Equation (41), initial conditions should be
restricted that ey,(0) = 0 and the proposed control method
should also provide e, (t) # 0. It is obvious from Equation (24)
and (20) that the desired trajectory can be initialized to ensure
that e (0) # 0.

IV. ROBUST CONTROL DEVELOPMENT
In this section, the objective is to design a robust attitude-
tracking controller for the open-loop error dynamics given in
Equation (35) under the assumption that the satellite inertia
matrix and disturbance vector are unknown. To quantify the
mismatch, the parameter estimation error, 8 € R® and the
disturbance estimation error, £ € R are defined as

(42)

(43)

where 8 and £, are the best guess-estimates of the unknown
vector of inertia parameters & € R® and the disturbance vector
7; € R3 respectively.

In order to facilitate the subsequent development, a filtered
tracking error r(t) € R3 is expressed as follows:

r2é,+ae, (44)

where a € R3*3 is a positive-definite, constant, diagonal
control gain matrix.
A. Robust Control Design

Based on the open-loop error system dynamics given in
Equation (35) and the subsequent stability analysis, the control
torque input is designed as follows:

el?
(1-ejey)?
where K € R33 is a constant, positive-definite, diagonal
control gain matrix and F (e, ey, &,, wg, wq) € R3 is defined as

" =-F—Kr—v, — (45)
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F2y()+1} (46)

The first term Y (e, ey, &, wq, @4)0 is formed based on the
following parameterization

Y()6 2 J*aé, + C*ae, — N* 47)
Hence, the resulting mismatch term can be defined as
FAF-F=Y0+1; (48)

where F contains the unknown vector of inertia parameters and
the disturbance vector as follows:
F=Y0+1) (49)

Based on the boundedness assumption of the disturbance
vector as indicated in Remark 1, Property 1, the boundedness
property of the rotation matrixes and with the use of Equation
(39), the mismatch term F(e,, ey, é,, wy, wgq) € R® can be
upper bounded in the following way [22]

”F” < p1(ey, €9, €y, wq, Wa) + p2 () = p() (50)
where p(-) € R denotes positive bounding constant and p,, p,
are positive, scalar, known bounding functions related with the
parameter estimation error and the disturbance estimation error
with residuals respectively. In Equation (45), the robust term,
v,(t) € R is designed for attenuation of the mismatch and can
be defined as

2
—_PT (51)

plirll + €

where € € R is an arbitrarily small positive design constant.

Ur

Taking the time derivative of Equation (44), premultiplying
both sides of that equation by J* and substituting Equation (35)
and (44) for e, into the resulting equation, the following
expression can be obtained

Jr==Cr+F+1" (52)

After substituting Equation (45) into Equation (52), the final
closed-loop error system can be obtained in the following form:
ev
1- egev)z

where F was defined in Equation (48).

JFr==Cr+F—Kr—v. — (53)

B. Stability Analysis

Theoreml: Given the closed-loop error dynamics in
Equation (53), the robust control law proposed in Equation (45)
ensures uniformly ultimately bounded attitude tracking in the
sense that
(54)

lle, (Ol — viexp(=y2t) +vs,  YuV2¥s €R

provided that the initial conditions are selected to satisfy
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e,(0) #0 (55)

Proof: To prove Theorem 1, a nonnegative function V,(t) €
R is defined as follows:

V= 5 lefe,/(L— ele)] +57)'r (56)

2
Note that the function V,(t) can be upper and lower bound as

MlizlI? < Vi (®) < Alizll? (57)

where 4;,4, € R are known positive bounding constants and
z(t) € RO is defined as

z2 [e,f/,/l —ele, rT]T

After taking the time derivative of Equation (56), using
Equations (44), (33), (53) and Property 2, the following
expression for the time derivative of V; (t) can be obtained

(58)

elae,
(1 -eje,)?
Substituting Equation (51) into Equation (59) and with the use
of the definition given in Equation (58) and the inequality given

in Equation (50), the expression in Equation (59) can be upper
bound

v, =— —1TKr —rTv, + rTF (59)

P2l

_ 60
plirll +¢ (60

Vi < =Blizll* + plirll -
where B = Aninfa, K} € R. after mathematical manipulations,
Equation (60) can be written as follows:

Vi < —Bllzll* + ¢ (61)
The inequality given in Equation (57) can be applied to lower
bound ||z||? as

, 1
lzl* = Vi (©) (62)
2

Hence, the inequality in Equation (61) can be written in the
following form

Vi(t) < —oVi(t) + ¢ (63)

where o = Aﬁe R. The following expression can be found
2
when linear differential inequality is solved

V,(t) < Vy(0)exp(—at) + g [1—exp(—0t)]  (64)
From Equations (56) and (64), it can be shown that r(t) € L.
Equation (44) can be used to obtain e,(t),é,(t) € L.
Equations (22), (25) and (28) reveals that @(t) € L,,. Equation
(26) shows w(t) € L. Hence, it can be proved that the control
signal t* € L. Standard signal chasing arguments can be
employed to show that all other signals remain bounded.

From the inequalities in Equation (57) and (64), it can be
concluded that
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212 < 22 2 IPexp(—at) +
=7 P ol
Hence, it can be seen from Equation (65) that the objective
given in Equation (54) is achieved.

(65)

V. ROBUST CONTROL REFORMULATION

In this section, the goal is to improve the robustness
properties against sensor contamination through the redesign of
the control structure proposed in (45) and thus to improve the
performance under the assumption of measurement noise,
parametric uncertainties and unknown disturbances.

Notice that the first term F(-) of the proposed controller
introduced in Equation (45) is formulated in terms of the error
terms obtained by the use of measurement values. However, it
constitutes the aforementioned complications such as
computational burden of on-line computation requirement and
sensor contamination. Hopefully, the following control
structure can reduce these drawbacks by reformulating the term
F () as a function of the desired attitude, angular velocity and
acceleration terms.

Based on the open-loop dynamics in Equation (35), and the
subsequent stability analysis, the control torque input is
designed as follows:

€y
(1—eje,)?

=-F,—Kr—v, — (66)

where K € R3*3 is a constant, positive-definite, diagonal
control gain matrix, the term v,.(t) is defined as in Equation
(51) with a bounding constant yet to be designed and
Fi(ey eq, 6y, wg, wg) € R3 is defined as
Fi2v,(100+1; (67)
The term Y, (wy, wy)0 is formed based on the following
parameterization
. 1
5J®a — EwZz(]wd (68)
After substituting Equation (66) into Equation (52) and adding
and subtracting the term Y;0 to the right hand side of the
resulting equation, the following expression for the closed-loop
error system can be obtained

ngz—

€y
(1—ele,)?

where the mismatch term (e, ey, é,, wg, @4) € R® and
Y (e, ey, &, wq, dg) € R3 are defined as follows

J7T==Cr+¢Y—Kr—v — (69)

Y=Y+Y,0+% (70)

F=v0-v,0 (71)

Based on the same assumptions given for the inequality in

Equation (50), the mismatch term (e, ey, &, wg, @4) € R3
can be upper bounded in the sense that
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Il < ps(ey, e, €y, wa, @q) + pa() = ps () (72)
where ps(+) € R denotes positive bounding constant and p5, p,
are positive, scalar, known bounding functions related with the
parameter estimation error and the disturbance estimation error
with residuals respectively.

Theorem 2: Given the closed-loop error dynamics in
Equation (69), the robust control law proposed in Equation (66)
ensures uniformly ultimately bounded attitude tracking in the
sense that

lle, (DIl — vaexp(=yst) +¥er  VaVs Ve ER  (73)
provided that the initial conditions are selected to satisfy
ey(0) =0 (74)

Proof: To prove Theorem 2, nonnegative function V,(t) € R
is defined as
1 1
V, = 3 [ele,/(1 —ele )] + ErT]*r (75)
Using similar mathematical manipulations presented in the

previous section, the time derivative of the function V,(t) can
be obtained as follows:

T
- e,ae, - - -
Vz——m—‘r Kr—r'v.+1r'¢y (76)
Equation (76) can be upper bounded as
2 2

; pslirll

Vy < =Blizll* + pslirll = ———— (77)

2 = Al pslirl = e

where z(t) is defined in Equation (58). The above inequality
can be further bounded as follows:

The solution of the resulting linear differential inequality is
&
V,(t) < V,(0)exp(—at) + P [1 — exp(—ot)] (79)

Boundedness of the error signals and the control torque input
can be shown by a similar arguments used in the previous
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section. From Equations (57) and (79), it can be concluded that
Ay €

2 < = 2 — R

llzIl* < 4 llz(0)|*exp{ crt}+0/11

Hence, the objective presented in Equation (73) is achieved.

(80)

VI. SIMULATION RESULTS
In this section, simulation results are presented to illustrate
the performances of the proposed control methods presented in
Equation (45) and (66). The inertia matrix of the satellite is
selected as follows:

20 1.2 0,9
J=1|12 17 1.4|kgm? (81)
09 14 15
The initial attitude of the satellite is selected to be

=[0.1826 0.1826 0.1826]"

To have a smooth rotation, the desired trajectory was set
according to the following desired angular velocity

wg = 0.05 [cos(0.1t) cos(0.1t) cos(0.1t)]" rad
/s

The followings are the initial values of the desired quaternion

(83)

q0a(0) =1 qyq(0) =[0 0 0] (84)
The external disturbances are set to be
74 = 0.2 [sin(t) sin(t) sin(t)]” Nm (85)

Sensor noise is assumed to be zero mean Gaussian noise with
0.004 variance. Estimates of the inertia matrix and the
disturbance vector are set to

Jj=07] t,=021, (86)

The followings are the values of the control gains that are tuned

by trial and error until a satisfactory performance is obtained
K = a = diag{5 5 5}

£=004 p=p;=7 (87)
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In the first part of the simulation studies, the former robust
control method was examined under parametric uncertainties
and disturbance effects. Fig. 1 illustrates the quaternion errors
of the satellite. Angular velocity errors and the applied control
input signals that belong to the same control structure are
presented in Figs. 2 and 3 respectively. From Figs. 1 and 2, it
can be seen that the control objective stated in the first Theorem
was achieved with satisfactory performance and Fig. 3 shows
that the control input signals do not exceed 0.5 Nm after 5s. In
the second part of the simulation studies, to compare their
performances, both control algorithms were run in the presence
of parametric uncertainties, external disturbance and sensor
noise. Figs. 4-6 shows the results of the conventional robust
controller presented earlier and Figs. 7-9 belong to the
reformulated control method. From the Figs. 7-9, it was seen
that the reformulated robust control method acts quite better
than the conventional robust controller and both the error
signals and the applied control signals were relatively reduced.
During the simulation studies, it has been observed that the
advantages of the second controller become more apparent in
the case of increased sensor noise.

VIl. CONCLUSION

In this paper, two quaternion-based robust control method to
solve the attitude tracking control problem of satellite were
introduced. The first one is a conventional high-frequency
robust control mechanism. It was shown that under parametric
uncertainties and extern disturbance effects, it achieves well
and provides uniformly ultimately bounded tracking result.
However, in case of a sensor noise the controller performance
was severely affected. The robust controller was then
reformulated to reduce the effects of sensor contamination with
less on-line computational requirement. As a future work, a new
robust control mechanism can be developed to meet less sensor
measurement requirements with a higher performance
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