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ON Z,-ASYMPTOTICALLY )\2-STATISTICAL EQUIVALENT
DOUBLE SEQUENCES

OMER KiSi

ABSTRACT. In this paper, we introduce the concept of Zs—asymptotically
A2 —statistically equivalence of multiple L for the double sequences (x;) and
(yk1). Also we give some inclusion relations.

1. INTRODUCTION

Pobyvanets [14] introduced the concept of asymptotically regular matrices which
preserve the asymptotic equivalence of two nonnegative numbers sequences. In
1993, Marouf [9] presented definitions for asymptotically equivalent and asymp-
totic regular matrices. In 2003, Patterson extended these concepts by prensenting
an asymptotically statistical equivalent analog of these definitions and natural reg-
ularity conditions for nonnegative summability matrices. Later these definitions
extended to A-sequences by Savas and Bagarir in [18]. Esi and Acikgoz [1] extended
the definitions prensented in [18] to double A%-sequence.

2. PRELIMINARIES AND BACKGROUND

In this section, we recall some definitions and notations, which form the base for
the present study.

The notion of statistical convergence depends on the density (asymptotic or
natural) of subsets of natural numbers N. A subsets of natural numbers N is said
to have natural density ¢ (F) if

1
0 (F) = nh_)rr;o . {k <n:ke E}| exists.

Definition 2.1. [4] A real or complex number sequence z = (zy) is said to be
statistically convergent to L if for every € > 0,

1
lim —{k<n:|zx—L| >} =0.

n—o00 N
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In this case, we write S —limz = L or z; — L (.5), and S denotes the statistically
convergent sequences.

Definition 2.2. [7] A family of sets Z C 2V is called an ideal if and only if

(1) ez,
(i) For each A, B € T we have AUB € T,
(7i) For each A € 7 and each B C A we have B € T.

Definition 2.3. [7] A family of sets F C 2 is a filter in N if and only if
(i) 0¢F,

(#4) For each A, B € F we have AN B € F,
(#i1) For each A € F and each B O A we have B € F.

Lemma 2.1. [7] If Z is proper ideal of N (i.e., N ¢ T), then the family of sets
FIZ)={M CcN:JA€Z: M =N\ A}
is a filter of N and it is called the filter associated with the ideal.

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if
{n} € T for each n € N.

Definition 2.4. [7] A sequence x = (z}) of points in R is said to be Z—convergent
to a real number L if

{keN:|z, —L| >} €T,
for every € > 0. In this case we write Z-limz = L.

Definition 2.5. [10] Let A = (\,) be a non-decreasing sequence of positive real
numbers tending to infinity such that A\; = 1 and A\,41 < A, + 1. A sequence
x = (x) is said to be A—statistically convergent or Sy—convergent to L if for every
e >0,

lim i|l<:€In:\:vk—L|2€|:O

n—o0 \,

where I, = [n— A\, + 1,n| forn =1,2,....

In 1900 Pringsheim presented the following definition for the convergence of
double sequences.

Definition 2.6. [15] A double sequence x = (x;) has a Pringsheim limit L (de-
noted by P —limz = L) provided that for given & > 0, there exists a n € N such
that |z — L| < €, whenever k,l > n. We describe such an z = (zy;) more briefly
as ”P-convergent”.

The double sequence (xy,;) is bounded if there exists a positive integer M such
that |zx| < M for all k and I. We denote all bounded double sequence by 1% .

Definition 2.7. [11] A real double sequence z = (z;) is to be statistically conver-
gent to L provided that for every € > 0,

1
P— lim —|{
m,n—o00 MmN

denoted by S¥ —limz = L.

(k,):k<mandl<n:l|zy; — L| >} =0,

Now we give a brief history for asymptotical equivalence for single and double
sequences.
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Definition 2.8. [15] Two non-negative double sequences = = (zy;) and y = (yx1)
are said to be P—asymptotically double equivalent of multiple L provided that for
every € > 0,
P—lim=k — [,
kb Ykt

denoted by (x1;) ~F (yr) and simply asymptotically double equivalent if L = 1.

)

Definition 2.9. [1] Two non-negative double sequences (zx;) and (yx;) are said
to be asymptotically double statistical equivalent of multiple L provided that for
every € > 0,

1
P—- lim —

m,n—o00 MmN

{k<m,l<n: =0,

W—L‘Ze}
Ykl

denoted by (zx;) ~° " (yx1) and simply asymptotically double statistical equivalent

if L=1.

Definition 2.10. [6] Two non-negative double sequences (zx;) and (yx;) are said
to be asymptotically Z—equivalent of multiple L provided that for every ¢ > 0,

{(k,l)ENxN:

W-L’za}ez,
Ykl

denoted by (k) ~T (yx1) and simply asymptotically Z—equivalent if L = 1.

Definition 2.11. [6] Two non-negative double sequences (xx;) and (yx) are said
to be asymptotically Z-statistically equivalent of multiple L provided that for every
€ > 0, and for every § > 0,

{(m,n)eNxNz1

mn

{kgm,lgn:

W—L‘ze}lzé}el
Ykl

L
denoted by (k) S (yr1) and simply asymptotically Z—statistical equivalent if
L=1.

Definition 2.12. [5] Let A = (\,) be a non-decreasing sequence of positive real
numbers tending to infinity such that Ay = 1 and A,,41 < A, +1. Two non-negative
sequences (z) and (yi) are Sy—asymptotically equivalent of multiple L provided
that for every ¢ > 0,

{k cl,:

where I, = [n— X\, + 1,n] forn=1,2,....

1
lim —
n—00 Ap yk

- ifa -

Definition 2.13. [5] Let A = (A,) be a non-decreasing sequence of positive real
numbers tending to infinity such that Ay = 1 and A1 < A\, + 1. Two non-
negative sequences (z) and (y) are strong A—asymptotically equivalent of multiple

L provided that
. 1
s 2

where I, = [n— X\, + 1,n] forn=1,2,....
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The double sequence (A,,,) of positive real numbers tending to infinity such that

)\m+1,n S >\mn + 17 >\m,n+1 S )\mn + 17

)\mn - )\erl,n S >\m,n+1 - >\m+1,n+1a )\1,1 =1
and
I ={(B, 1) :m = Apn +1<k<m,n—Ap,+1<1<n}.

Definition 2.14. [1] For double A2 —sequence; two non-negative double sequences
(zx1) and (yx,;) are said to be A*—asymptotically double statistical equivalent of
multiple L if for every € > 0,

T
ML‘ZE

Ykl

P — lim

m,n—oco

kel, lel,: =0,

mn

sk,
(denoted by (zr) ~ (ykl))

Definition 2.15. [1] For double A2 —sequence; two non-negative double sequences
(zg1) and (yg,) are said to be strong A —asymptotically double equivalent of mul-
tiple L provided that

x
M—L‘ =0,
Ykl

1
P — lim

m,n— 0o /\m

" (kD) ELmn

Nk
denoted by (zg1) ~ (ywi) ) -

Throughout the paper we take 7, as a nontrivial admissible ideal in N x N. A
nontrivial ideal Z, of N x N is called strongly admissible if {i} x N and N x ¢ belongs
to Zy for each ¢ € N.

It is evident that a strongly admissible ideal is admissible also.

3. MAIN RESULTS

In this section we define T, —asymptotically A2 —statistically equivalent, strongly
)\%2 —asymptotically equivalent, strongly Cesaro asymptotically Zo—equivalent of
double sequences and obtain some analogous results from these new definitons point
of views.

Definition 3.1. For double A\? = (\,,,,,)-sequence; two nonnegative sequences ()
and (yx;) are said to be Zo—asymptotically A\2—statistically equivalent of multiple
L if for every €, > 0,

{(m,n)ENXN:

{(k,l) € I :

-
Ykl

Z 5} GIQ,

)\mn

Sty (z
denoted by (zx;) AQ’\(“ ) (Yr,1) -

Definition 3.2. For double A\? = (\,,,)-sequence; two non-negative double se-
quences (zy;) and (yg;) are said to be strongly Ai—asymptotically equivalent of
multiple L provided that for every € > 0,

D

(k) ELmn

T
M—L’Zs € T,

Ykl

(m,n) e NxN:
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VL (T
(denoted by i xa(f) ykl> .

Definition 3.3. Two non-negative double sequences (zx;) and (yx;) are said to be
strongly Cesaro asymptotically Zo—equivalent of multiple L provided that for every
e >0,

m,n

xr
’“-L’ze €T,

1
(m,n) e NxN:—
Ykl

mn
ki=1,1

L
(denoted by xx; BAC ym) .

Theorem 3.1. Let \2 = (Amn) be a double sequence and Ty is strongly admissible
L
2

V5 (T Sky(T.
ideal in N x N. If (zg) ) (yrt) then (xp) 22 (f2) (Y1) -

Vi (Z2)
Proof. Assume that (x5;) "~ (yg) and € > 0. Then,

> o|morf x> |-y
(k) Elmn | M (k) elmn | *
Pkl _p|>e
Ykl -
> e H(k,l) € T - |22 —L‘ > 5} :
and so,
TR r| > kD)€ Lot |ZE L > 2 b
€A Yk Amn (k1) Ykl

M (k1) €T

Then for any 6 > 0,

{(m,n) ENXN:ﬁH(k,l) € Ly :

12420}

Ykl
Q{(m,n)ENXN:)\in > Z:;—L‘Zad}.
(kD) €lmn
Since right hand belongs to Zs, then left hand also belongs to Z, and this completes
the proof. 0O

Theorem 3.2. Let \2 = (\un,) be a double sequence and Iy is a strongly admissible

St (z.
ideal in N X N. If (zx1) and (yg1) are bounded sequences and (xy;) A%\(J 2 (yx1) then
Vi (Z2)
() "~ (Yrt) -
5%, (72)

Proof. Let (xy;) and (yi;) are bounded sequences and let (xg;) "~ " (ygi). Then
there is a M such that

xle‘gM

Ykl
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for all (k,1) € N x N. For each ¢ > 0,

1 Tri _ I Tri
Amn > Ykl L’ T Amn > Ykl ‘
(k1) €Lmn (k1) ELmn
‘M—L >e
Ykl -
1 Tl
+ Amn Z Ykl ‘
(k1) ELmn
Z:f —L|<e
< M [{D) € L s |22 - ] 2 5} + 5.
And define the sets
T
Dy =< (m,n) e NxN: M—L’ZE
Ykl

(k)€ Lmn

and

Dgz{(m,n)eNxN:

Tkl g e
mn * 7_-[/ 2* 27 .
{(k’l) &l | ‘ 2}‘ QM}

T £ g 3
zT:zl _L‘ > 5}’ < 557 Also we can get

mn

If (m,n) ¢ Ds, then ﬁ H(k},l) €l :

{(k,l) € Iy :

R EE A

Ykl

1
Amn Z

(k1) E€Lmn

M—L) < /\M
Ykl mn

£ [
< §+§—E.

Thus (m,n) ¢ D;. Consequently, we have
Amn

et —[| > €
(k) Elmn | OF -

C {(m,n) ENXN: ﬁ’{(k,l) € L :

n

{(m,n)eNxNzl >

w5}z e} e

Ykl

vh(z
Therefore () (R (Y1) - -

The following example shows that if (zx;), (yx) are not bounded, then theorem
2 can not be true.

Example 3.1. Let (zy;) and (yx;) be two double sequences as follows:

kl, if km—1 <k <km_1+ [VAn] lnot <U<lp_1+ [VAn], mn=1,2,3,.;
(xkl) = .
0, otherwise.

and (yx,;) =1 for all k,l € N.

It is clear that (zx;) ¢ [2, and for € > 0,

1 vV Amn
(1.1) 3 {(k:,l)e[mn: xkl—l‘ze}lg[/\—ﬂ)asm,n%oo,
mn Ykl mn

This implies that
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{(m,n) eNxN: ﬁ‘{(k,l) € L :

1204

Ykt
- {(m,n) e NxN: [)\/::';"] > 5}.

By virtue of last part (1.1), the set on the right side is a finite set, and so it belongs
to Z,. Consequently, we have

1
{(m,n)ENXN:)\

m,n

{(k,l) €L :

%—1‘25}’25}612.
Ykl

Sya(Z2) Vi (I2)
Therefore, (x;) “~  (yri), On the other hand, we shall show that (xg) '~

V(T
(yx1) is not satisfied. Suppose that (xg;) () (yxi). Then for every 6 > 0, we

have

xkl—].’>(5 € L.

(1.2) (m,n) e Nx N:
Ykl

M (k) E L

Now,

1

— —1 lim
Ykl m,n— o0

lim
m,n—o00 \

|y ! (wm-([ Amn—w) 1

(k)€ Lmn mn

It follows for the particular choice 6 = % that

Tkl _ 1
Ykl 1‘24}

_ {(m,n) ENxN: ([ A"‘"}'(Wﬁ]l)) >

Am,n

Amn

(m,n) e Nx N: 2
(k,D)EImn

}

for some r, s € N which belongs to F (Zz) as Z» is admissible. This contradicts (1.2)

. 1 V>\LZ (IZ)
for the choice 6 = 7. Therefore (z1;) ¢ (yw1)-

Ll

={(r,s), (r+1,s4+1), (r+2,s+2),..}

Theorem 3.3. Let \> = (Amn) be a double sequence and Iy is a strongly admissible

VL T L
ideal in N x N. If (zx) 2 (yri) is then (zg) I (Ynt) -
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Via(T2)
Proof. Assume that (zx;) “~  (yg) and € > 0. Then,

1 m,n 1 m—Am, n—An 1
M,L‘ N MfL’+7 S Th ‘
M =1, YR e iz YR T kel
1 m_)\nl; n—>An 1
< Tkl __ L‘ 4+ — Z Tkl __ ’
ki=11 YR T k) €L |
< 2 Z T
—  Amn Ykl
(k,D)ELm,n
and so,
1 m,n Ty
(myn) e NxN:— —~ _L|>¢
mn i Yk
T €
C q¢(mn)eNxN: > ’“—L’z €I,
Ykt 2
(k1) ELm n
[C 1"
Hence (zx;) ~ ~ (yw1) - (]
. st(z. . 5L, (72)
Theorem 3.4. Ifliminf ’);l“; > 0 then (zx;) &) (yg1) implies (xg;) M (yr) -

Proof. Assume that lim inf );n—n > 0. Then, there exists a § > 0 such that ’)n—n >4
for sufficiently large m, n. For given € > 0 we have,

%{ng‘gm;oglgn, (m,n) e NxN: %—L‘ZE}
1 Ll
;m{(k,l)efm,m (m,n) eNxN: T}’:;—L’Zs}.
Therefore,
ﬁ {nggm;oglgn: %—L‘Ze}‘
1 |z
ey {(kvl)EIm,n~ yﬁ*L’E&}‘
Z %HS'A:L,L {(kvl) EIm,n: ;:; _L‘ 25}’
25'>\:m {(kal)EIm,n: %*L’ZF;} )

then for any n > 0 we get

{(m,n) eNxN: ﬁ‘{(m) € Lo :

ot ze) 20

g{(m,n)ENXN:%HOSkSm;OSZﬁn:

-t ef| >} ez

and this completes the proof. [
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Theorem 3.5. Let A2 = (A\,n) be a double sequence and Iy is a strongly admissible
ideal in N x N, and (zx1) and (yr1) are two non-negative double sequences. Then

. T[C, 1] stz
(1) If (wx1) =g (Y1) then () L) (Y1) 5

L L
(11) Let (xkl); (ykl) S lc2>o and (xkl) 5 LIZ) LI

(Yrt), then (zr) ~" (ywi)-

L
Proof. (i) Let € > 0 and (zx;) I (yx1). Then we can write

m,n m,n

@_L’ > m_L‘
ki=1,11Y% ki=1,1 | YF
L]
> s.({1§kgm,1§15n: %71:‘25}‘
1 & |z 1 T
= SR Ll > —R1<k<m 1<I<n: -2 —L| >y
e.mn k=11 Ykl mn Ykl

Thus, for any ¢ > 0,
1

mn

{1<k<m,1<l<n:

implies that

1 m,n

m

WL‘ > e.0.

Ykl

n
k,l=1,1

Therefore, we have

{(m,n)ENXN: —

1
m

{1§k§m,1§l§n:

RESIEL

m,n
c{(mmn)eNxN: L %—L‘ze.é .
Ei=1,11""
. 1)
Since (zx1)  ~ (ywi), so that
1 m,n *
(m,n) e NxN: — M—L‘zeﬁ €T
M =1 Yk

which implies that

1
{(m,n)ENXN:'{1<k<m71<l<n:
mn

x’”—L‘>aH>5}eIQ.
Ykl

L
This shows that (zx;) R (Ykt) -

L
(i) Suppose that (zg), (yr) € 12, and (zy,) ) (yg1) - Then there is an M
such that
TRt L‘ <M
Ykl




174

OMER KiSi

for all (k,1) € N x N. Given € > 0, we get

1 m,n 1 m,n 1 m,n
R T T P s
M i=1,1 YR meg = 1Y = YR

Trl Tkl _
Ykl L’28 Ykl L|<E
< M’{lgkgm,lglgn: M—L‘ 25}’4—5.
mn Ykt
If we put
m,n
1 Trl
Ale) (myn) e NxN: — g — —L|>¢
mn =11 Yk

and

1
B(el):{(m,n)eNxN:Hl<k<m,1<l<n:
mn

Tkl €1
7_-[/ 25 27 )
Ykl ‘ }‘ M}

where 1 = d —e > 0, (and § and € are independent), then we have A () C B (1),

and so A (¢) € Zy. This shows that (xx
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