
ABSTRACT: In this paper, the authors discussed the new wave solutions of time-space fractional Liouville and 
Sine-Gordon equations by using a reliable analytical method called sub-equation method. The fractional derivatives 
of considered equations are handled in conformable sense. Conformable derivative which is an easy and applicable 
type of fractional derivative, satisfies basic properties of known derivative with integer order such as Leibniz 
rule, quotient rule, chain rule. These properties of conformable derivative superior to other popular definitions on 
obtaining analytical solutions of fractional equations.

Keywords: Conformable fractional derivative; Sub-Equation method; Liouville equation; Sine-Gordon; Wave 
Solutions.

ÖZ: Bu makalede, yazarlar alt denklem yöntemi olarak adlandırılan güvenilir bir yöntem kullanarak zaman-uzay 
kesirli Lioville ve Sine-Gordon denklemlerinin yeni dalga çözümlerini elde ettiler. Kullanılan denklemlerde mevcut 
olan kesirli mertebeden türevler, conformable anlamında ele alınmıştır. Kolay, uıygulanabilir olan conformable 
türevi, bilinen türevin sağladığı Leibniz Kuralı, bölüm kuralı, zincir kuralı gibi kuralları sağlar. Bu özellikler 
conformable kesirli türeve diğer popüler türevler karşısında bir avantaj sağlamaktadır. 

Anahtar Kelimeler: Conformable Kesirli Türev, Liouville Denklemi, Sine Gordon Denklemi, Dalga Çözümü, Alt 
Denklem Yöntemi.
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INTRODUCTION 1 

Obtaining the analytical solutions of partial differential equations with arbitrary order is 2 

very important in the last decades because of the applications of this subject in many 3 

different areas such as physics, engineering, social, biological, chemical sciences and 4 

etc. Therefore, many scientists studied to get the analytical solutions of fractional partial 5 

differential equations. The popular fractional derivatives such as Riemann-Liouville and 6 

Caputo do not satisfy some basic properties. For instance, the Riemann-Liouville 7 

derivative of a real constant is not equal to zero but Caputo derivative satisfies this 8 

property. Both of these definitions do not satisfy the fractional derivative rule for the 9 

product (and quotient) of two functions. Similarly, both definitions do not satisfy the 10 

chain rule. Moreover, these definitions do not satisfy ( ) ( )D D D      generally. 11 

Also, Caputo definition is limited because it is assumed that the function must be 12 

differentiable (Cenesiz et al., 2017).  13 

Due to these limitations, the scientists studied to state a new type of arbitrary derivative 14 

which satisfies all the rules above.  Khalil et al. introduced a new definition, called 15 

conformable fractional derivative, which is simple, well behaved, applicable, efficient 16 

fractional derivative and fractional integral definition (Khalil et al., 2014). This new 17 

definition fulfils the basic classical properties which cannot be satisfied by Riemann-18 

Liouville and Caputo definitions. 19 

Definition 1. Let : (0, )g  be a function. The th  order conformable 20 

fractional derivative of function g  is defined as 21 

1

0

( ) ( )
( ) limt

g t t g t
D g t    22 

for all (0,1],t 0 1  (Khalil et al., 2014). 23 
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Definition 2. Let 0a  , t a , g   be a function defined on ( , ]a t   and . Then, 1 

the th  order fractional integral of function g   is defined as (Khalil et al., 2014), 2 

1

( )
( ) .

t

t a a

g x
I g t dx

x
 3 

This new definition (Khalil et al., 2014; Kurt et al., 2017) satisfies the following 4 

properties. 5 

Theorem 1.1. Let 0 1   and ,f g  be th   order differentiable at (0, )t  . Then 6 

a) ( ) ( ) ( )T xf yg xT f yT g     , for all ,x y . 7 

b)  ( )m mT t mt 


  for all m . 8 

c)   ( ) 0T    for all constant functions ( )g t  . 9 

d)  ( ) ( ) ( ).T fg fT g gT f     10 

e) 2

( ) ( ).gT g fT ffT
g g

 

  

 
 

  11 

f) If, in addition to f is differentiable, then 1( )( ) dfT f t t
dt




 . 12 

The applicability, effectiveness and convenience of these new type derivative and 13 

integral have attracted many researchers. For example, invariant subspace method is 14 

considered by Hashemi (Hashemi, 2018) to get the analytical solutions of various 15 

conformable differential equations.  Kaplan and Ozer used Hirotas method to obtain 16 

analytical solutions of (2 + 1)-dimensional nonlinear evolution equation (Kaplan and 17 

Ozer, 2018). The modified Kudryashov method is used by Kumar et al. (Kumar et al., 18 

2018) to get analytical solitary wave solutions for the variety of fractional Boussinesq-19 

like equations. First integral method is employed to get analytical solutions for 20 

conformable differential equations (Ilie et al., 2018). Analytical solutions of fractional 21 

4 
 

Schrodinger equation are extracted by Hosseini et al. (Hosseini et al., 2017) with the aid 1 

of the improved tanh( ( ) / 2)n -expansion method and the exp function method.  2 

MATERIALS AND METHODS 3 

In this section, we give a short description of sub-equation method (Zhang and Zhang, 4 

2011). Consider the following fractional differential equation of the form 5 

                                            2 2, ,, , , 0t x t xD u D u D u D uP u                                  (1) 6 

where all fractional derivatives are conformable fractional derivative. Let explain the 7 

method step by step as follows. 8 

Step 1: Applying the wave transformation, 9 

                                            ( , ) ( ), x tu x t U m k
 

 
 

                                       (2) 10 

where ,m k  are arbitrary constants. Now we can rearrange Equation (1) in form of the 11 

following nonlinear ODE by using chain rule (Abdeljawad, 2015): 12 

                                                          , , , 0G U U U                                                   (3) 13 

where prime shows the integer order derivative with respect to   . 14 

Step 2. Let us consider that Equation (3) has one solution in the following form 15 

                                            
0

( 0) ( ),
N

i N
i

i

U a a  


                                                  (4) 16 

where  0ia i N   are constant coefficients to be determined later. N   is an integer 17 

which can be calculated by balancing principle terms in Equation (3) and ( )    satisfies 18 

the ODE in the form 19 

                                                     2
                                                   (5) 20 
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where   is a constant.  In the following, we provide some analytical solutions for the 1 

Equation (5) 2 

                                       

tanh( ), 0

coth( ), 0

( ) tan( ), 0

cot( ), 0
1 , ., 0is a cons

  

  

    

  

 
 


   

   


 
 

 



                                      (6) 3 

Step 3. Substituting Equations (4) and (5) into Equation (3) and setting the coefficients 4 

of  ( )i    to zero, a nonlinear algebraic system respect to ( 0,1, , )ia i N is obtained.  5 

Step 4. Finally, substituting the obtained constants from the nonlinear algebraic system 6 

and the solutions (6) into Equation (4) we obtain the analytical solutions for Equation 7 

(1). 8 

 9 

RESULTS AND DISCUSSION 10 

Wave Solutions For Conformable Fractional Liouville Equation 11 

Consider the following fractional Liouville equation: 12 

                           
                         

0,u
x tD D u e    0, 0 , 1t                           (7)                  13 

Using the chain rule (Abdeljawad, 2015) with the aid of wave transform 14 

x tm k
 


 

     and  u U   we get 15 

                                                           0.umkU e                                                    (8) 16 

Then making following transformation  17 

                                                         lnU V                                                            (9) 18 

in the Equation (8) turns into following ordinary differential equation  19 

4 
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6 
 

                                                        2 3( ( ) ) 0.mk V V V V                                   (10) 1 

Using balancing principle in Equation (10), we obtain 2.N    Thus we can write 2 

                                                           2
1 20( .)V a a a                 (11) 3 

Subrogating Equation (11) with Equation (5) into Equation (10), we collect the 4 

coefficients of power of   and equate them to zero: 5 

0 3 2 2 2
0 1 0 2: 2 0,a a km a a km      6 

1 2 2
0 1 0 1 1 2 0,: 3 2 2a a a a km a a km     7 

2 2 2 2 2
0 1 0 2 0 2 2: 3 3 2 08 ,a a a a a a km a km    

 
8 

3 3
1 0 1 2 0 1 1 2: 6 2 2 0,a a a a a a km a a km    

 
9 

4 2 2 2
1 2 0 2 1 0 2: 3 3 6 0,a a a a a km a a km    

 
10 

5 2
1 2 1 2: 3 4 0,a a a a km  

 
11 

6 3 2
2 2: 2 0.a a km    12 

 Solving this set of algebraic equations with the help of  Mathematica, we get 13 

                                                              
0

1

2

2 ,
0,

2 .

a km
a
a km






                            (12) 14 

Using the equalities (12) along with the wave transform x tm k
 


 

    and (9) yields 15 

the following travelling wave solutions 16 

2

1( , ) ln 2 2 tanh ,t xu x t km km k m
 

  
 

  
         

 
 
 
 

 17 

2

2 ( , ) ln 2 2 coth ,t xu x t km km k m
 

  
 

  
         

 
 
 
 

 18 

2

3( , ) ln 2 2 tan ,t xu x t km km k m
 

  
 

              
 

19 
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2

4 ( , ) ln 2 2 cot ,t xu x t km km k m
 

  
 

  
   


  


 
     


 
1 

5 2
2( , ) ln .kmu x t

t xk m
 


 

 
 
          

 2 

 Wave Solutions For Conformable Fractional Sine-Gordon Equation 3 

Let consider the following conformable fractional Sine-Gordon equation: 4 

 
                                             

2 2 sin 0,t xD u D u   
 

0, 0 , 1t                             (13)  5 

Similarly applying the chain rule (Abdeljawad, 2015) and wave transform yield 6 

                                                  

2 2( ) sin 0.k m U u                                       (14) 7 

Considering following transform  8 

                                                                
iUV e                                                   (15) 9 

in Equation (14) yields, 10 

                                         
2 2 2 32( )( ( ) ) 0.k m V V V V V                              (16) 11 

Balancing the highest order derivative term V with nonlinear term 3V in Equation (16), 12 

we get 2,N   thus we can write 13 

                                                       
2

1 20( .)V a a a   
                        

(17)
 

14 

Substituting Equation (17) using Equation (5) into Equation (16), arranging the 15 
coefficients of   and equating them to zero led to an algebraic equations set of  16 

0 1 2, , ,a a a m  as follows: 17 
0 3 2 2 2 2 2 2 2 2 2 2

0 0 1 0 2 1 0 2: 2 4 2 4 0,a a a k a a k a m a a m            18 
1 2 2 2 2 2 2 2

1 0 1 0 1 0 1 1 2 1 2: 4 04 4 ,3 4a a a a a k a a m a a k a a m           19 
2 2 2 2 2 2 2 2 2 2 2

0 1 2 0 2 0 2 0 2 2 2: 3 3 16 16 4 4 0,a a a a a a a k a a m a k a m         
 

20 
3 3 2 2 2 2

1 0 1 2 0 1 0 1 1 2 1 2: 6 4 4 4 4 0,a a a a a a k a a m a a k a a m       
 

21 
4 2 2 2 2 2 2 2 2

1 2 0 2 1 0 2 1 0 2: 3 3 2 12 2 12 0,a a a a a k a a k a m a a m      
 

22 
5 2 2 2

1 2 1 2 1 2: 3 8 8 0,a a a a k a a m   
 

23 
6 3 2 2 2 2

2 2 2: 4 4 0.a a k a m   
 

24 

Employing computer software Mathematica to obtain the solutions of this system yields 25 
the following solution sets.  26 
 27 

7 
 

2

4 ( , ) ln 2 2 cot ,t xu x t km km k m
 

  
 

  
   


  


 
     


 
1 

5 2
2( , ) ln .kmu x t

t xk m
 


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 
 
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1 20( .)V a a a                 (11) 3 

Subrogating Equation (11) with Equation (5) into Equation (10), we collect the 4 

coefficients of power of   and equate them to zero: 5 

0 3 2 2 2
0 1 0 2: 2 0,a a km a a km      6 

1 2 2
0 1 0 1 1 2 0,: 3 2 2a a a a km a a km     7 

2 2 2 2 2
0 1 0 2 0 2 2: 3 3 2 08 ,a a a a a a km a km    

 
8 

3 3
1 0 1 2 0 1 1 2: 6 2 2 0,a a a a a a km a a km    

 
9 

4 2 2 2
1 2 0 2 1 0 2: 3 3 6 0,a a a a a km a a km    

 
10 

5 2
1 2 1 2: 3 4 0,a a a a km  

 
11 

6 3 2
2 2: 2 0.a a km    12 

 Solving this set of algebraic equations with the help of  Mathematica, we get 13 

                                                              
0

1

2

2 ,
0,

2 .

a km
a
a km






                            (12) 14 

Using the equalities (12) along with the wave transform x tm k
 


 

    and (9) yields 15 

the following travelling wave solutions 16 

2

1( , ) ln 2 2 tanh ,t xu x t km km k m
 

  
 

  
         

 
 
 
 

 17 

2

2 ( , ) ln 2 2 coth ,t xu x t km km k m
 

  
 

  
         

 
 
 
 

 18 

2

3( , ) ln 2 2 tan ,t xu x t km km k m
 

  
 

              
 

19 
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2

4 ( , ) ln 2 2 cot ,t xu x t km km k m
 

  
 

  
   


  


 
     


 
1 

5 2
2( , ) ln .kmu x t

t xk m
 


 

 
 
          

 2 

 Wave Solutions For Conformable Fractional Sine-Gordon Equation 3 

Let consider the following conformable fractional Sine-Gordon equation: 4 

 
                                             

2 2 sin 0,t xD u D u   
 

0, 0 , 1t                             (13)  5 

Similarly applying the chain rule (Abdeljawad, 2015) and wave transform yield 6 

                                                  

2 2( ) sin 0.k m U u                                       (14) 7 

Considering following transform  8 

                                                                
iUV e                                                   (15) 9 

in Equation (14) yields, 10 

                                         
2 2 2 32( )( ( ) ) 0.k m V V V V V                              (16) 11 

Balancing the highest order derivative term V with nonlinear term 3V in Equation (16), 12 

we get 2,N   thus we can write 13 

                                                       
2

1 20( .)V a a a   
                        

(17)
 

14 

Substituting Equation (17) using Equation (5) into Equation (16), arranging the 15 
coefficients of   and equating them to zero led to an algebraic equations set of  16 

0 1 2, , ,a a a m  as follows: 17 
0 3 2 2 2 2 2 2 2 2 2 2

0 0 1 0 2 1 0 2: 2 4 2 4 0,a a a k a a k a m a a m            18 
1 2 2 2 2 2 2 2

1 0 1 0 1 0 1 1 2 1 2: 4 04 4 ,3 4a a a a a k a a m a a k a a m           19 
2 2 2 2 2 2 2 2 2 2 2

0 1 2 0 2 0 2 0 2 2 2: 3 3 16 16 4 4 0,a a a a a a a k a a m a k a m         
 

20 
3 3 2 2 2 2

1 0 1 2 0 1 0 1 1 2 1 2: 6 4 4 4 4 0,a a a a a a k a a m a a k a a m       
 

21 
4 2 2 2 2 2 2 2 2

1 2 0 2 1 0 2 1 0 2: 3 3 2 12 2 12 0,a a a a a k a a k a m a a m      
 

22 
5 2 2 2

1 2 1 2 1 2: 3 8 8 0,a a a a k a a m   
 

23 
6 3 2 2 2 2

2 2 2: 4 4 0.a a k a m   
 

24 

Employing computer software Mathematica to obtain the solutions of this system yields 25 
the following solution sets.  26 
 27 
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The solutions fractional Sine-Gordon equation (13) corresponding to above solutions 5 
sets are 6 

2 2
2 2

1,2
1 1 4 1 4( , ) arccos coth tanh ,
2 2 2

kt x k kt x ku x t
     
    

                                         
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2 2
2 2

3,4
1 1 4 1 4( , ) arccos cot tan ,
2 2 2

kt x k kt x ku x t
     
    

                                      

9 

 
10 

2 2
2 2

5,6
1 1 4 1 4( , ) arccos coth tanh ,
2 2 2

kt x k kt x ku x t
     
    

                                          

11 

 
12 

2 2
2 2

7,8
1 1 4 1 4( , ) arccos cot tan .
2 2 2

kt x k kt x ku x t
     
    

                                         

13 

 14 

CONCLUSION 15 

In this paper, the authors provide the analytical solutions for conformable space-time 16 

fractional Sine-Gordon equation and Liouville equation by using sub-equation method. 17 

8 
 

Set 1: 1 

0

1

2

2

0,
0,
1 ,

1 4 .
2

a
a

a

km













 

 2 

Set 2: 3 

0

1

2

2

0,
0,

1 ,

1 4 .
2

a
a

a

km

















 

 4 

The solutions fractional Sine-Gordon equation (13) corresponding to above solutions 5 
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2 2
2 2

3,4
1 1 4 1 4( , ) arccos cot tan ,
2 2 2

kt x k kt x ku x t
     
    
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2 2

7,8
1 1 4 1 4( , ) arccos cot tan .
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kt x k kt x ku x t
     
    
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The solutions fractional Sine-Gordon equation (13) corresponding to above solutions 5 
sets are 6 

2 2
2 2

1,2
1 1 4 1 4( , ) arccos coth tanh ,
2 2 2

kt x k kt x ku x t
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2 2
2 2

3,4
1 1 4 1 4( , ) arccos cot tan ,
2 2 2

kt x k kt x ku x t
     
    
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9 

 
10 

2 2
2 2

5,6
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13 

 14 

CONCLUSION 15 

In this paper, the authors provide the analytical solutions for conformable space-time 16 

fractional Sine-Gordon equation and Liouville equation by using sub-equation method. 17 

To best of our knowledge all the obtained 
solutions are firstly seen in the literature. The 
solutions show that the method is applicable, 

reliable and accurate for conformable differential 
equations.
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