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Abstract: In this paper, new identity for fractional integrals haveebalefined. By using of this identity, the authors obtained ne
general inequalities containing all of Hadamard, Ostrawaskl Simpson type inequalities for functions whose dekieatin absolute
value at certain power af@r, m)-convex via Riemann Liouville fractional integral.
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1 Introduction

Following inequalities are well known in the literature agrhhite-Hadamard inequality, Ostrowski inequality and
Simpson inequality respectively:

Theorem 1.Let f:1 C R — R be a convex function defined on the interval | of real numbedsaab € | with a < b. The
following double inequality holds

b
f (izb> < b—laa/f(x)dxg M 1)

Theorem 2. Let f: 1 CR — R be a mapping differentiable irt] the interior of I, and letab € 1° witha< b. If [f/(x)| <M
for all x € [a,b], then the following inequality holds

1 b
R <
b— / LU —a
a

2

(x—a)2+(b—x)2]

forall x € [a,b].

Theorem3. Let f : [a,b] >R be a four times continuously differentiable mapping o@&b) and
Hf("'JH = sup ‘f<4 ‘<oo Then the following inequality holds:

xe(a,b)
1[i@)+f(b) a+b <L @ 4
3{ 7 e /f = 288on Hm(b’a) :
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In [16], G. Toader considered the class of m-convex functionstrerdntermediate between the usual convexity and
starshaped convexity.

Definition 1. The function f: [0,b] — R,b > 0, is said to be m-convex, where ra [0, 1], if we have
ftx+m(l—t)y) <tf(x)+m(1—t)f(y)
forall x,y € [0,b] and t€ [0,1]. We say that f is mconcave if —f) is m—convex.
The class of a, m)-convex functions was first introduced If|] and it is defined as follows:
Definition 2. The function f: [0,b] — R, b> 0, is said to be(a, m)-convex wheréa,m) € [0,1]%, if we have
f (tx+m(1—t)y) <t9f(x)+m(1—t%)f(y)
forallx,y € [0,b] and t€ [0,1].

It can be easily that fofa,m) € {(0,0), (a,0),(1,0),(1,m),(1,1),(a,1)} one obtains the following classes of functions:
increasing g -starshaped, starshap@agconvex, convexg-convex.

Denote byKZ (b) the set of all(a, m)-convex functions o0, b] for which f (0) < 0.

We give some necessary definitions and mathematical prelieis of fractional calculus theory which are used
throughout this paper.

Definition 3. Let f € L[a,b]. The Riemann-Liouville integrali,]f and \g, f of oder@ > 0 with a> 0 are defined by

X

3 £(x) = %/(xt)el f(t)dt, x> a
and .
3 £(x) = %/(t ~ %)% (t)dt, x< b

X

respectively, wheré () is the Gamma function defined by6) = [e't®~dt and £. f(x) = J0_f(x) = f(x).
0

In the case ob = 1, the fractional integral reduces to the classical inedgheoperties concerning this operator can be
found [3,8,12].

In recent years, many athors have studied errors estinsdftioiiermite-Hadamard, Ostrowski and Simpson inequalitie
For recent some results and generalizations conce(ning)-convex functions se€[4,5,6,9,10,11,13,14,15].

In this paper, new identity for fractional integrals haveebedefined. By using of this identity, we obtained a
generalization of Hadamard, Ostrowski and Simpson typejuakties for (a,m)-convex functions via Riemann
Liouville fractional integral.
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2 Main Results

Let f :1 CR — R be a differentiable function ok, the interior ofl, throughout this section we will take

St (mxA,0,mamb) = (1—-A)m?~? [(Xa)i:;bx)e] f(mx) +Amf 1 l(xme f(mi):;bx)e f(mb)

Fre+1)r.e 0
" mo—a) g 1) +37, - (mb)
whereme (0,1], mabel witha<b, xe[a,b],A €0,1], 6 > 0 andr is Euler Gamma function. In order to prove our
main results we need the following identity.

Lemma 1.,Let f:1 C R — R be a differentiable mapping ofi uch that f € L[ma mb, where me (0, 1], mab € | with
a<b. Then forall xc [a,b] , A € [0,1] andO > O we have:

m )9+l

St (mx A, 6,mamb) = 27 ' (tmx+m(1—t)a)dt
(

+7

b f’ (tmx+m(1—t)b)dt.

f(x-a / 0
—a / (t B A)
0
(2] b— 6+1 1
m” (b —x) / ( A 49)
—a
0
A simple proof of the equality can be done by performing aednation by parts in the integrals from the right side and
changing the variable. The details are left to the intetestader.

Theorem 4.Let f: 1 C [0,0) — R be a differentiable function orf Isuch that f € L[ma mb, where me (0,1],mabe I°
with a< b. If [f'|9 is (a,m)-convex onfmab| for some fixed ¢ 1, x € [a,b], A € [0,1] and 6 > 0 then the following
inequality for fractional integrals holds

1-1
mPA; 9(6.1)

Qalk

St (mx A, 6, mamb)| < {(x—a)"” (| (mx)] Az (a,0,1) +m|t' (a)|"As(a,6,1))

b—a
1
+(bx)"*l(\f’(mx)|qA2(a,e,/\)+m\f’(b)|qA3(a,e,/\))q} (2)
where
20015 +1
A(O A= T2
1(97 ) 9+1 3
14454

po(@,0.0) = —2 e

(a+1)(a+9+1)+a+9+1_a+1’

A3(a,9,/\) :Al(eaA)_AZ(a7ea/\)
lta

C20AME 41 2621 5%" 1 al
- 6+1 (a+D(a+6+1) a+6+1 a+1
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Proof. From Lemmal, property of the modulus and the power-mean inequality we ha

St (mx A, 6, mamb)|

m9 (X* a)9+1 l li%‘- l %
R /‘te—)\‘dt /‘te—)\‘\f’(tmx+m(1—t)a)]th
0 0

1-1 1
0 0+L [ 1 a /1 4
+m(f)f§ (/‘tex\‘dt) (/‘te/\‘|f’(tmx+m(1t)b)|th> . 3)
0 0
Since|f’|%is (a,m)-convex onmab], for all t € [0, 1]
|/ (tmx+m(1-t)a)|* <t? | (mx)|*+ m(1—17) |’ (a)|*
and
[ (tmx+m(1—t)b)|* <t (mx)]? + m(1—t%) | (b)|*.

Hence by simple computation we get

1 1
0 4| 20AYE+1
O/‘t A‘dt_79+l p 4)
/‘te A||F (tmxt- m(1-t)a |th</‘t9 A ] (m] -+ m(1—t) | (@)|) dt
:] mx\qu a,6,A)+m|f’ a]qu(a,G,A), (5)
and similarly
1 1
/’tef)\’|f’(tmx+m(17t)b)\th§/‘te t% £ (mx)[ T+ m(L—t) | ' (b)|“dt
0 0
=" (mx)|*Az(a,8,A) +m|f'(b)|A3(a,0,A). (6)

If we use @), (5) and @) in (3), we obtain the desired result. This completes the proof.

Corollary 1. In Theoremd,

(i) Ifwe takeB = 1, then inequality 2) reduced to the following inequality

St (mx A, 1,mamb)| =

(1A)f(mx)m[(xa)f(magjabw (mb} S a/f

1-1
q
SL:’M{(X a)? (| (MY Az (a,1,1) + m| ' ()| *As (a,1,4))

Qalk

b_
+(bx)2(\f’(mx)|qA2(a,1,)\)+m|f'(b)|qA3(a,1,)\))%}-
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(i) If we take g= 1, then inequality 2) reduced to the following inequality

b
+(b—x)9+l(]f’(mx)\Az(a,G,)\)+m\f’(b)\A3(a,9,A))}

0
|Sf(m>g/\,9,ma,mb)}§mTa{(x )% (|f (mX)| Az (a,0,A) +m|f'(a)| As(a,6,A))

(i) If we take x= %b, A= %,then we get the following Simpson type inequality via frawdl integrals

26-1 a+b) 1
i (m(252) 3 omam)

6-1
s [rima ar (P | LEEDE o tma a0
,(m(@a+b)
")

<moth (2){( "o(0.0.8) smir @i (a.0.2))
(1 (M) (w0 d) mir i (@ 3)) ]

(iv) If we take x= %b, A = 0,then we get the following midpoint type inequality via franal integrals
2971

a+b
m‘9*1(bfa)e’1 S <m< 2 ) 0.0 mamb)‘

m(a+b)\ I (6+1) 29 !
(M) Srenar [fm<a+b>fm""“?m<a+b> o]

B0 () ol (%)

)

(v) Ifwe takeA = 1,then we get the following generalized trapezoid type inétyuaa fractional integrals

Qalk

+am]f’(a)\q]

+ [(9+1) f/

m % |Ss (mx 1,a,ma mb)|

{(x—a)?f(ma)+(b-x°f(mbh I (6+1)
B b—a " mP(b—a)

[JG f(ma)+J8 f(mb)} ’

m /6 \'a 1 g
S|o-a<9+1) ((a+1)(9+1)(a+9+1)>
X {(x—a)"Jrl [6(6+1)|f (M| +mab(a+6+2)|f(a)]

ol

+(b—x)? [9(9+1)\f’(mx)]q+ma9(a+9+2)]f’(b)ué}-
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(vi) If |[f/(u)] <M forall u e [mab] andA = 0, then we get the following Ostrowski type inequality via fiawmal

integrals

b—a m? (b—a)

0+1 +(b— X)GH]

|[@aﬁ+<b”e]um@—lgiilpe f(ma) + 5. f(mb)|
1 am+6+1 g (x—a)
S'm'\/'((9+1)(c>r+6)+1) l b-a

for each xe [a,b].
Theorem 5.Let f: | C [0,00) — R be a differentiable function ort Isuch that f € L[ma mbj, where me (0, 1]
mab €1 ° with a< b. If |[f'|%is (a,m)-convex orimab] for some fixed ¢ 1, x € [a,b], A € [0,1] and 8 > O then the

following inequality for fractional integrals holds

@Bﬁ&%@i{@@mlcfme+aumw>q @

St (mx A, 8,mamb)| < - T

1
+ (oot (1Y aml ()T @
a+1
where
- A=0

A5t N
5B (5.p+1)+ (p+1) 0<A<1,
xoF1(1-£,1;p+2;1-A)}
iB(p+1,3), A=1

A4(0,A,p) =

B is Euler Beta function defined by

ﬁ(x,y): x+y /txl t)Y~tdt, x,y>0,

oF is hypergeometric function defined by

oF1(ab;cz) = /tb La—t)* P —zt)®dt,c>b> 0, |2 < 1 (see [1]),

1,1_
and sts=1
Proof. From Lemmal, property of the modulus and using the Holder inequalityhaee

me (x—a)®+ 1 b C 1
St (mxA,0,mamb)| < T2 /‘ttA‘ dt /\f’(tmx+m(17t)a)]th
0 0

mg(bX)6+l(l =l )5( ! )a
+ | [[t"=A| dt |f' (tmx+m(1—t)b)|["dt | . (8)
b—a 0/’ ’ /

1
q
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Since|f'|%is (a, m)-convex onima b], we get

; T l q / q
f
/\f (tmx+m(1—t)a ’th</ta’f (M)]+m(1—t%)| ' (2)|dt = [ (mx)["+am[f' (a)] 7 )
: a+1
0
; l q £/ q
/\f (tmx+m(1—t)b ’th</ta’f (MX)|7+m(1—t%) |/ (b)[*dlt = [f" (m)] ;‘f{m (b)] 7 (10)

0

and by simple computation

: o N
A 1 (1-n)P*t
/‘te_;\‘pdt: 7 B(a:P+Y) G 0cn <1 (11)
J xoF1(1-3,1;p+2;1-A)}
3B(p+13), A=1

Hence, If we use9)-(11) in (8), we obtain the desired result. This completes the proof.
Corollary 2. In Theorenb,

1. If we takef = 1, then inequality 7) reduced to the following inequality

(1)\)f(mx)+)\{(x—a)f(mat):ab—x (mb} Be a/f

Tl) 7 () |9 1(a)9\ § / q IQ%
rémhffgm {@af<u<mmuifru<m|) +®Xf<”(m@uifrﬁ(m|) }

2. If we take x= a—szb, A= %,then we get the following Simpson type inequality via faawi integrals

1 m(a+b) re+1p2°t| 0
6[f(ma)+4f <72 >+f(mb)} ol [J(@)f(ma)%]( i) f(mb)H

()" amir @) (]2 am )
’p) (’ ( )a‘+1 ) +( ( : )a’+1 )

3. If we take x= &zb, A = 0,then we get the following midpoint type inequality via frantl integrals

Wl =

m(a+b)\ I (6+1)20-1
() R [ gy

mb—a) (1 b (|7 (252) [+ amit @ (252 [ am (o) %
= 4 <9p+1) a+1 + a+1
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4. If we taked = 1,then we get the following generalized trapezoid type inétyuda fractional integrals

(x—a)? f(ma)+ (b—x)° f(mb) r(6+1)

(98, T(ma) + 38, f(mb) ‘

b—a " mP(b—a)
1 1.1 5 ! q (29N G ! q ONENE:
SLCLIGER ) {(X_a)eﬂ(u(mxﬂ;flmu @) o (LML ami ) }

5.1f |f/(u)] <M for all u € [mab] and A = O, then we get the following Ostrowski type inequality via fiawal
integrals

b—a mP(b—a)

SmM( 1 >% <1+am)é [(Xa)6+l+(bx)6+l‘| |

‘ [(x— a)’+ (b—X)Q] fmy— 0D [Jnﬂ;r f(ma) +J,$;X+f(mb)} ‘

Op+1 a+1 b—a

for each xe [a,b].

3 conclusion

The paper deals with general integral inequalities coitgiall of Hadamard, Ostrowski and Simpson type inequalitie
for (a,m)-convex functions via fractional integrals. Firstly, sotheorems on general integral inequalities are given.
Later, several results of this general integral inequesitire mentioned.
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