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Abstract

Recently, Wardowski in [Fixed points of a new type of contractive mappings in complete
metric spaces, Fixed Point Theory Appl. 2012] introduced the concept of F-contraction on
complete metric space which is a proper generalization of Banach contraction principle. In
the present paper, we proved a related fixed point theorem with F-contraction mappings
on two complete metric spaces.
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1. Introduction and preliminaries

The Banach contraction mapping principle is one of the pivotal results of analysis. It is
widely considered as the source of metric fixed point theory and its significance lies in its
vast applicability in a number of branches of mathematics. There are a lot of generalization
of Banach contraction mapping principle in the literature. One of a different way of this
generalization is to consider two metric space. In 1981, Fisher defined related fixed points
of mappings on two metric spaces and obtained some related fixed point theorems. Let
(X,d) and (Y, p) be two metric space, T : X — Y and S : Y — X be two mappings. If
there exist € X and y € Y such that Tx = y and Sy = x, then the pair of (7', 5) is said
to be has related fixed points. Thereafter many authors obtained some related fixed point
theorems (see [1,3-5,10]).

In 1994, Namdeo et al. [9] proved the following:

Theorem 1.1. Let (X,d) and (Y,p) be two complete metric spaces, T : X — Y and
S Y — X mappings satisfying the following equations:

d(Sy,STz) < cé(z,y)

p(Tz,TSy) < c(x,y)
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forallz € X andy €Y for which

9(w,y) #0 # h(x,y)

where 0 <c¢ <1

(1.1)

and

flz,y) = max{d(z, Sy)p(y, Tz),d(z, STx)p(y, T'Sy),d(Sy, STx)p(y, Tx)}

9(x,y) = max{d(z,STx), p(y, T'Sy),d(z, Sy)}
hz,y) = max{d(z,STx),p(y, TSy), p(y, Tx)}.

Then, ST has a unique fized point z € X and T'S has a unique fized point w € Y. Further,
Tz=w and Sw = z.

In this paper, by taking into account the recent proof technique, which is first used by
Wardowski [16], we will present a related fixed point result for two single valued mappings
on two complete metric spaces. For the sake of completeness, we consider the following
notion due to [16].

Let F be the set of all functions F : (0,00) — R satisfying the following:

(F1) F is stricly increasing, that is for all «, 5 € (0, 00) such that a < g, F(a) < F(p);

(F2) For each sequence {ay, }nen of positive numbers nlggo ay, = 0 if and only if
lim F(a,) = —o0;

n—oo

(F3) There exists k € (0,1) such that lim ofF(a) = 0.
a—07t

Some examples of the functions belonging to F are Fi(a) = lna, Fh(a) = a + Ina,

F3(a) = —% and Fy(a) =In(a? + a).

Definition 1.2 ([16]). Let (X,d) be a metric space and T : X — X be a mapping.
Then, we say that T is an F-contraction if F' € F and there exists 7 > 0 such that

Ve,ye X [d(Tz,Ty) > 0= 17+ F(d(Tz,Ty)) < F(d(x,y))]. (1.2)
If we take F'(a) = Inav in Definition 1.2, the inequality (1.2) turns to
d(Tz,Ty) < e "d(x,y), for all x,y € X, Tx # Ty. (1.3)

It is clear that for xz,y € X such that Tz = Ty, the inequality d(Tz,Ty) < e "d(x,y)
also holds. Thus T is a Banach contraction with contractive constant L = e~". Therefore,
every Banach contraction is also F-contraction, but the converse may not be true as shown
in the Example 2.5 of [16]. If we choose some different functions from ¥ in (1.2), we can
obtain some new as well as existing contractive conditions. In addition, Wardowski showed
that every F-contraction T is a contractive mapping, i.e.,

d(Tz,Ty) < d(x,y), for all x,y € X, Tx # Ty.

Thus, every F-contraction is a continuous map. We can find some important properties
about F-contractions in [2,6-8,11-15,17]. In the light of these informations, we can see
that the following theorem is a proper generalization of Banach Contraction Principle.

Theorem 1.3 ([16]). Let (X,d) be a complete metric space and T : X — X be an F-
contraction. Then, T has a unique fixed point.
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2. Main result

In this section, we present a new kind of related fixed point theorems using the concept
of F-contraction.

Theorem 2.1. Let (X,d) and (Y, p) be two complete metric spaces, T : X — Y and

S:Y — X be two mappings. Suppose that there exist F € J and 7 > 0 such that
d(Sy,STz) > 0= 7+ F(d(Sy, 5T2)) < F(6(z,y)) (2.1)
p(Tz,TSy) > 0= 7+ F(p(Tz,TSy)) < F(y(,y)) (2.2)

hold for all x € X and y € Y for which

9(@,y) # 0 # h(z,y),
where ¢ and ¥ are as in Theorem 1.1. Then, ST has a unique fixed point z € X and T'S
has a unique fixed point w € Y. Further, Tz = w and Sw = z.
Proof. Let x € X be an arbitrary point. Define sequences {z,} C X and {y,} C Y by
(ST)"x = x,, T(ST)" 'z =y,

and define o, = d(zp, zp+1) and 5y, = p(Yn, Yn+1), n = 1,2,3, ...

If there exist ng € N for which z,,+1 = Tp, O Yny+1 = Yn, then the proof is finished.
Indeed, if Zpg41 = Tngy, then (ST)H iz = (ST)™z and so (ST)(ST)™x = (ST)™x.
Therefore, (ST)™x := z is a fixed point of ST'. Also, if x,,+1 = Tn,, then Tap 41 = T'zp,
and so T(ST)"*lz = T(ST)™x or equivalently we have

TST(ST)"z = T(ST)™x.

Therefore, T'(ST)"x := w is a fixed point 7'S. In this case we have Tz = w and Sw = z.
Similar result can be obtained when y,,+1 = yn, for some ny.

Now suppose that =, # z,+1 and y,, # yn+1 for every n € N. Applying inequality (2.1)
we get

d(zp, nt1) = d(Syn, STxy,) > 0
SO we can write
F(d(Syn, STxy)) < F(¢(xnyn)) — T
from which it follows that
F(an) < F(Bp) —T. (2.3)

Applying inequality (2.2) we get
PWns Ynt1) = p(Tp—1, TSyn) > 0

SO we can write

F(/O(Txn—la Tsyn)) S F(¢($n—1, yn)) -7
from which it follows that

F(Bn) < F(an-1) — . (2.4)
From (2.3) and (2.4) we get
Flan) < F(Bn)—1
< F(Oén_l) — 27
<
< F(ag) —2n1
< F(f) - @n+ )7 (2.5)
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for all n € N. From (2.5) we obtain ILm F(ay) = —oo and with (F2) we get
n—oo
nh_{lgo ay, = 0.
Similarly, we get li_>m F(B)) = —oc from (2.4) and with (F2) we find
n—oo
3, Pn =0

From (F3) there exist k € (0,1) such that
lim of F(a,) =0 and nhﬁ\r{)lo BEF(B,) = 0.

n— o0
By (2.5) the following holds for all n € N
05F(an) < ak[F(an-1)—27]
<
< of[F(ap) — 2n7]
and so

oaF F(an) — of Fag) < —2a8nr <0.
Letting n — oo in (2.9), using (2.6) and (2.8) we obtain

lim afn =0
n—oo

Similarly by (2.5) we get
BaF(Bn) = BaF(B) < —Bu(2n + )7 < 0.
Letting n — oo in (2.11), using (2.7) and (2.8) we obtain

(2n+1)8y = lim nfy = 0.

lim
n—oo
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(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

Now let us observe that from (2.10) there exist n; € N such that nak < 1 for all n > ny
and from (2.12) there exist ny € N such that n3% < 1 for all n > ny. Let ng = max{ny,ns},

then we have for all n > ng

1 1
aﬁﬁ;andﬁﬁéﬁ.

(2.13)

In order to show that {z,} and {y,} are Cauchy sequences consider m,n € N such that

m > n > ng. From (2.13) and triangular inequality, we write
d(xn’ xm) < d($n, xn—i—l) + d(xn—i-ly $n+2) + ..+ d(l‘m—lvxm)
(o.¢]
< Z Q;
i=n
<1

Zi

L1
i=n tF

IN

and
PUnsYm) < pUnsUnt1) + P(Unt15Ynt2) + oo + 0(Ym—1, Ym)
o0
< D B
=n
> 1

< > T

1
i=n Lk

[&.°]
From the convergence of the serie > - we receive that {x,} and {y,} are Cauchy se-

i=11k
quences with limits z € X and w € Y respectively.
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Now, suppose z # STz and w # T'Sw. The following two cases arise:

Case 1. Let z = Sw and w = Tz. Then, w = TSw and z = STz, which is a
contradiction.

Case 2. Let z # Sw or w # Tz. If z # Sw, then there exists a subsequence {z,)}
of {x,} such that d(Sw,x,x)) > 0 for all k € N. Therefore, applying inequality (2.1) we
have

J(@nmy,w) .
where ¢(z,, = ——~—". Since
(. ) 9(Tp k), w)
nh_>1209( n(k )7w) = nh_?gomax{d(xn(kﬁwn(k)+l)ap(vasw)vd(xn(k)7sw)} >0
and
d(xn(k )p(w T:Bn ))7
li_)m f(@nmy,w) = li_>m max ¢ d(Tp ), ST o)) p(w, TSw)
e e d(Sw, ST 3)) p(w, T 1))
d(wn(k W) P(W, Yn(k)+1);
= lim max A(Tp (k) s Tn(k)+1 )p(w TS’w)
d(Sw w k)+1) (W, Yn(ry)
= 0

we get limy, ;00 ¢(Zp(x), w) = 0. Therefore, from (2.14) and (F2) we have
nh_{]go d(Sw, STzy)) = 0

and so Sw = z, which is a contradiction. If w # Tz, then similar contradiction can be
occur.

Therefore, either z = STz or w =T Sw. If z = STz, then z is a fixed point of ST and
Tz is a fixed point of T'S. Similarly, if w = T'Sw, then w is a fixed point of T'S and Sw is
a fixed point of ST

To prove uniqueness, suppose that z and 2’ are two fixed points of ST. Then, since

2 Tz
o2\ Tz) = ;gz’:Tz; =p(Tz,TZ)
and -
¢(2/7T2) = {’m = d(zvz/)a

it follows from inequality (2.1) and (2.2) that
F(d(STz,STZ)) < F(¢(2,Tz)) —
Z RTaT) -
F((z,TZ)) — 27
(d(z,2")) — 2,

which is a contradiction. Therefore, ST (similarly 7'S) has a unique fixed point in X. O

IN
T

We can obtain the following corollaries.
Corollary 2.2. Theorem 1.1 is immediate from Theorem 2.1.
Proof. The proof is clear, by taking F'(«) = In« in Theorem 2.1. O

Corollary 2.3. Let (X,d) be a complete metric space and T : X — X be a mapping.
Suppose that there exist ' € F and 7 > 0 such that

d(Ty, T?*z) > 0 = 7+ F(d(Ty, T?z)) < F(¢(z,y))
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holds for all x,y € X for which max{d(z, T%x),d(y, T?y),d(x, Ty)} > 0, where
_ max{d(z, Ty)d(y, Tx), d(z, T*x)d(y, T?y), d(Ty, T*x)d(y, Tx)}

o) = max{d(a, 1%), d(y, %), d(z, Ty)}
Then, T has a unique fized point.
Proof. Take X =Y, d=pand T = S in Theorem 2.1. O

Corollary 2.4. Let (X,d) be a complete metric space and T : X — X be a mapping.
Suppose that there exist F' € F and 7 > 0 such that

dy,Tz) > 0= 7+ F(d(y,Tz)) < F(¢(x,y))
d(Tx, Ty) > 0= 74 F(d(Tz,Ty)) < F(¢(z,y))
hold for all x,y € X for which
9(@,y) # 0 # h(z,y),

where

and

flzyy) = max{d(z,y)d(y,Tx),d(x, Tx)d(y, Ty),d*(y, Tx)}
g(z,y) = max{d(z,Tz),d(y,Ty),d(z,y)}
hMz,y) = max{d(z,Tx),d(y,Ty),d(y,Tz)}.

Then, T has a unique fixed point.
Proof. Take X =Y, d = p and S = I (the identity mapping) in Theorem 2.1. O

Example 2.5. Let X = @ and Y = I, where @ is the set of rational numbers and I is
the set of irrational numbers. Consider the discrete metric d on X, and a metric defined

by
0 , T=1yY
plx,y) =

1+ |$ - y| y X 7& Yy

on Y. Then, it is clear that (X,d) and (Y, p) are complete metric spaces. Define two
mappings T : X — Y by Tx =+v2and S:Y — X by Sy = 0. Then, for all z € X and
y €Y, we have

d(Sy,STz) =0= p(Tx,TSy).
This shows that the conditions (2.1) and (2.2) are satisfied for all FF € F and 7 > 0.
Therefore, by Theorem 2.1, ST has a unique fixed point z € X and T'S has a unique fixed
point w € Y. Further, Tz = w and Sw = z.

References

[1] A. Aliouche and B. Fisher, A related fized point theorem for two pairs of mappings
on two complete metric spaces, Hacet. J. Math. Stat. 34, 39-45, 2005.

[2] I. Altun, G. Durmaz, G. Minak and S. Romaguera, Multivalued almost F-contractions
on complete metric spaces, Filomat 30 (2), 441-448, 2016.

[3] B. Fisher, Fized points on two metric spaces, Glas. Mat. Ser. III 16 (36), 333-337,
1981.

[4] B. Fisher, Related fized points on two metric spaces, Math. Sem. Notes Kobe Univ.
10, 17-26, 1982.

[5] B. Fisher, R.K. Jain and H.K. Sahu, Related fized point theorems for three metric
spaces, Novi Sad J. Math. 26 (1), 11-17, 1996.



156

[6]

[10]
[11]
[12]
[13]

[14]

M. Olgun, O. Biger, T. Alypldiz, I. Altun

M. Imdad, R. Gubran, M. Arif and D. Gopal, An observation on a-type F-contractions
and some ordered-theoretic fixed point results, Math. Sci. 11 (3), 247-255, 2017.

G. Minak, A. Helvact and 1. Altun, Ciric type generalized F-contractions on complete
metric spaces and fized point results, Filomat 28 (6), 1143-1151, 2014.

G. Minak, M. Olgun and I. Altun, A new approach to fixed point theorems for multi-
valued contractive maps, Carpathian J. Math. 31 (2), 241-248, 2015.

R.K. Namdeo, D. Gupta and B. Fisher, A related fixed point theorem on two metric
spaces, Punjab Univ. J. Math. 27, 109-112, 1994.

R.K. Namdeo, S. Jain and B. Fisher, A related fixed point theorem for two pairs of
mappings on two complete metric spaces, Hacet. J. Math. Stat. 32, 7-11, 2013.

M. Olgun, G. Minak and I. Altun, A new approach to Mizoguchi-Takahashi type fixed
point theorems, J. Nonlinear Convex Anal. 17 (3), 579-587, 2016.

H. Piri and P. Kumam, Some fixed point theorems concerning F-contraction in com-
plete metric spaces, Fixed Point Theory Appl. 2014, 210, 2014.

M. Sgrio and C. Vetro, Multi-valued F'-contractions and the solution of certain func-
tional and integral equations, Filomat 27 (7), 1259-1268, 2013.

D. Singh, V. Joshi, M. Imdad and P. Kumam, Fized point theorems via generalized
F'-contractions with applications to functional equations occurring in dynamic pro-
gramming, J. Fixed Point Theory Appl. 19 (2), 1453-1479, 2017.

F. Vetro, F-contractions of Hardy-Rrogers type and application to multistage decision
processes, Nonlinear Anal. Model. Control 21 (4), 531-546, 2016.

D. Wardowski, Fized points of a new type of contractive mappings in complete metric
spaces, Fixed Point Theory Appl. 2012, 94, 2012.

D. Wardowski and N.V. Dung, Fized points of F'-weak contractions on complete metric
spaces, Demonstratio Math. 47 (1), 146-155, 2014.



