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ON A SOLVABLE SYSTEM OF DIFFERENCE EQUATIONS OF
HIGHER-ORDER WITH PERIOD TWO COEFFICIENTS

YASIN YAZLIK AND MERVE KARA

ABSTRACT. We show that the next difference equations system

AnTn—k+1Yn—k  Brits Yngr = bnyn—k+1Tn—k
Yn — Qn Tn — ﬁn
where No = NU {0}, the sequences (an),enys (bn)nengs (@n)neng: Br)nen,
are two periodic and the initial conditions z_;, y—; i € {0,1,...,k}, are non-
zero real numbers, can be solved. Also, we investigate the behavior of solutions

of above mentioned system when ag = b1 and a; = bg.

Tnil = + ant1, n € No,

1. INTRODUCTION

Theory of difference equations have attracted attention of many authors in re-
cent years(see, e.g., [1]-[40]). Most of the recent applications of this theory have
appeared in many scientific areas such as biology, physics, engineering, economics.
Particularly, rational difference equations and their systems of higher order have
great importance in applications. It is very worthy to find systems which belong
to solvable nonlinear difference equations systems and to solve nonlinear difference
equations or systems in closed-form or explicit-form. The found formulas for the
solutions of these types of equations or systems can be used easily for description
of many features of the solutions of these equations or systems. For this reason,
finding of a formula for solution of a nonlinear difference equation is worthy as well
as interesting.

In an earlier paper, Elabbasy et al., in [3], considered, among other things, the
next difference equation

Tpt1 = %2_114’1, n € Npy. (1)

n
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Quite recently in [T4], Haddad et al. considered the following system of difference
equations
ATnYn—1 bynmn—l
Tp+1 = Y — v +ﬂ7 Yn+1 = T, _B
where the parameters a, b, a, § and the initial conditions x_;,y_;,% = 0,1, are non-
zero real numbers, which is an extension of the equation in . By using appropriate
substitutions on variables, authors reduced system to the first order linear dif-
ference equations and investigated the existence and behavior of the solutions of
system .

Our aim in this study to show that the next difference equations system

+ a, n € Ny, (2)

where the sequences ay, by, o, B, are two periodic and the initial conditions x_;,
y—i, © € {0,1,...,k}, are non-zero real numbers, is solvable in closed form. Also,
by using obtained formulas we give the behavior and periodicity of well-defined
solutions of system when ag = b; and a; = by. Note that system is a
natural extension of both Eq. and system ,

Lemma 1. 27] Let (an), ey, and (bn),ex,
the sequences Ypm+i, ¢+ = 0,k — 1, be solutions of the equations

Tn4+1 =

be two sequences of real numbers and

Ykm+i = Ckm+iYk(m—1)+i T Okm+i, m € No. (4)
Then, for each fized i € {0,1,..., k—1} and m > —1, equation has the general

solution
m m m
Ykm+i = Y—kti H Ajti + E bls+i H Alejiti-
j=0 s=0 j=s+1

Further, if (an), ey, and (bn),cy, are constant and i =0,k — 1, then
omss = am+1y7k+i + bl_l(ir;ﬂ’ ifa # 1,
" Yopri FO(M+1), ifa=1.

Definition 2. [12] (Periodicity) A solution {x,},— . of equation T,41 =
f@n,xn_1,...,Tn_k), n € Ny, is called periodic with period p if there exists an
integer p > 1 such that p4p = x, for alln > —k.

In the sequel, as usual, we suppose that H;":Z Aj =1and Z;”:Z A; =0, for all
m < 1.
2. SOLUTIONS OF SYSTEM ([3))

Let (pn,Yn),>_; be a solution of system . If one of the initial conditions

T_j, Yy—j, J = 0,k is equal to zero, then the system is not defined. For example,
ifx_g = 0, then y; = a1, and so x5 can not be calculated. For the other j = 0,k — 1,
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the case is same. Now assume that z_; # 0 # y_;, j = 0,k. If one of the terms
ZTpn, and yp,, for ng > 1, is equal to zero, then from system either z, 1 =
% + Brosk = Brgrr and so, it follows that, y,,,r+1 is not defined or
brg+k—1YngTng—1
Ynotk = & k1 —Brrnt Bootn1
defined. Thus, for well-defined solution of system (3| . we may assume that none of
the terms of x, and y, is not equal to zero, for every n > —k. By means of the

change of variables

+ Qno+k = Qno+k and so, it follows that, x,,+x+1 is not

Ty — 0 Yn — Q
un:ua Up = u; RGNQ, (5)
Tn—k Yn—k

the system in becomes

a b
Upt1 = vl’ Upt1 = ui’ n € Np. (6)

n n

From @, we have two independent equations

an—i—l bn+1
5 Un, Uny2 = Un, N € Ny, (7)
by n

Un+2 =

and so

b; i
where the sequences (an),cy, and (bn), oy, are two periodic. From we have
that

i\ bii \™ .
U2m i = <a1 ) Uiy Vamyi = ( ; ) v;, i € {0,1}, m € Ny, (8)

Typ = UpnTp—k + Bn = UpUn—kTp—2k T+ U’nﬂn—k + 6717
Yn = UnYn—k + oy, = UnUn—kYn—2k + UnQpn_k + Qp, N € NO~ (9)

We consider three cases: (a) k =1; (b) k =2t+1 (t =1,2,...); and (¢) k =
(2t) (t=1,2,...).
a)If k = 1, then, from equations in @D, we can write

Tp = UpTp_1 + /an Yn = UnYn—1+ Qpn, N E No. (10)
from which it follows that

Top = U2pTop—1 + 62n = ( ) UoT2n—1 + ﬂ()a n e N07
Tontl = U2n1T2n + Bopi1 = (

b0> u1Ton + B, n € Ny,

B (b
Yon = V2nY2n—1 + Qop = | —

)

) VoYan—1 + g, N € Ny,
0

Yon+1l = V2nt1Yon + Qopp1 =

@‘g'

) v1Y2n + a1, n € Np.
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which implies that

n

a a \" a

Tongl = (f) (b;) UgUL T2p—1 + (10) u1By + B, n € Ny, (11)
Q " a nt a1

Tonss = | — L UoU1Top + | — Uoﬁl + Bg, n € Ng, (12)
b1 bO bO
bo\" /b1 \" b

Yontl = (0> (1> VoV1Y2n—1 + <O> v + g, n € Ny, (13)
ay ap a
bO n b1 n+1 n+1

Yont2 = (> () VoU1Y2n + () voar + g, n € Ng.  (14)
ai agp ao

Hence, from Lemma 1 for £ = 1 and Egs. —, we can write the solution of
system as follows:

n—1 t t n—1 r n—1 t t
ag ai agp ag a1
e = e [Ta(32) (3) + oo (52) I04(32) (3)
_ r=0 t=r+1
n—1 a t
1
i Zﬁl 1 d<b1> <b0> ’
= t=r+1

ao a t+1 n—1 n—1 ay t+1
= L) ()0 I10(3) ()
t=

= t=r+1 0
n—1 r+1 n—1 t+1
ai ao ai
s ee(R) T() (R)
r=0 bO t=r+1 1 bO
n—1 aobo bO t n— r n—1 aobo bO t bl t
w = v [1 () () zaom () i () ()
aobo b() b1
- S TR () (ao)’

= t=r+1
- t t+ n—1 t t+1
aobo bo b1 aobo bo bl
= _— —_— —_— + o —_— —_—
Yan Yo H d (a1) (ao Z 0 H ai ap
= = t=r+1
r+1 n—1 aobo bo b1
F e () IR (R) ()
r=0 t=r+1
where uo = 2250 =8B gy = B0 gy = e g d aobe
0= 4 . s U 1 r Vo = y_p v = Y1r = UgU1 and Ygv1 = d -

b) Suppose k = 2t +1 (=1, 27 ...). Iterating the rlght—hand side of equations in
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(9), we can write
m
Tatm+2m+2j+1 = m2j74t71Hu2(2ts+s+j)+1u2(2ts+s+j—t)
s=0
2m—+1 2m—+1
+ Z Ba(ti4j—t)+1 H UD(ts+j—t)+s
=0

s=Il+1
m
Tatm+2m+2j+2 = 372]’—415Hu2(2ts+s+j+1)u2(2ts+s+j7t)+1
s=0
2m—+1 2m—+1
+ Z Ba(ti4j—t)+1+1 H UD(tstj—t)+s+1
=0 s=l+1
m

Yatm+2m+2j+1 = y2j—4t—1HU2(2ts+s+j)+1U2(2ts+s+j—t)
s=0
2m+1 2m+1
=+ Z O (ti+j—t)+1 H V2(ts+j—t)+s
=0 s=Il+1
m

Yatm4-2m—+2j+2 = y2j74tH02(2t5+s+j+1)v2(2ts+s+j—t)+1
s=0
2m—+1 2m—+1

+ Z Q(tl4j—t)+1+1 H V2 (ts+j—t)+s+1>
=0 s=Il+1

where j € {t,t+1,...,3t}. Using in —, we get

m (2t41)s+7 (2t+1)s4j—t
ao ai
Tatm42m+2j4+1 = T2j—4t—1 H d{ — —
b1 bo

s=0
m

m—Il m-—Il+1
+§ Bati+j+i—Uo U1

1=0
(t45+1) (m—1) (2t 1) lm =D _10=1) Gm—1+1)+(2t+1)
o (@ a
b1

bo

m Loy [an) HAD=DEHD

m— m—

+Zﬁ2(2tl+j+l)+lu0 Uy <E>

1=0
. m(m+4+1)—1(1+1
(w0 Flm—1)+(2t41) mmEDZI0FD)
b1

m (2641)s4j+1 (2t41)s+j—t
aop [e5)
Tatm+2m—+2j42 = $2j74sz — —
b1 bO

s=0

m(m+1)—1(1—1)
I

m(m—1)—1(+1)
2

1679
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m
+Zﬁ2(2tl+j+17t)+lusn_l+1u;n_l
=0
y (m)(j+1)(m+1l)+(2t+1)"”‘(m“>2’“1) (‘L
bo b1
m (G+1) (m—1)+(2¢41) D 1AFD)
+ZB2<2u+M+1)u?‘lu§”‘l (%;)
1=0

. ) (t+j+1)(m—l)+(2t+1)w

m(m—1)—1(1—1)
2

(t+5+1)(m—1)+(2t+1)

ao

>< —
(bl )

m (2t+1)s+j (2t+1)s+j—t
aobo bo bl
Yatm+2m+25+1 = Y25 —4t—1 H d — —

a a
5—0 1 0

m
m—1 m—I+1
+ E Q2(2t14j4+1-t)V0 V1

1=0
by (t+5+1) (m—1)+(2t41) =L =lI=1) bo Fm—41) (2t 41) A ZLAZD)
x | — 2o
m b (b j+1) (m—D)+(2641) 1n('m.71%7l(l+1)
—1 —1 1
+Za2(2tl+j+l)+1v(§n vy (;)
1=0 0
bo F(m =)+ (2t41) mmd D L0+
>< —_
ax
™ obo { bo (2t4+1)s+5+1 by (2t+1)s+j5—t
Yatm4-2m+254+2 = Y254t H - (> <>
=0 d aq aop
m b (j-l—l)('m—l—‘,—l)-&—(Qt—i-l)7""(m+1)27”l71>
m—Il+1, m—I 1
+E Q(2t1+5+1—t)+1V0 vy ()
1=0 o
b (t+i+1) (m—1) 4 (2t 41) =D Z1AZD gy
Yo + ) m—1, m—I
Q2(2tl4+j+1+1)V0 V1

a
1 1=0

m(m—1)—1(1—1)
2

(G+1)(m—1)+(2t+1) mlmED =1(+1) (t+5+1) (m—1)+(2t+1)
« ﬁ 2 bo
ao aj

¢) Suppose k = (2¢) (t = 1,2,...). Similarly, iterating the right-hand side of
equations in @D, we have

Tatm+25 = x2j74tHu2(2ts+j)u2(2ts+j7t)
s=0
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2m—+1 2m—+1

+ Z Bativi—t) H U (ts+5—t)>
1=0

s=I+1

m
Tatm+2j4+1 = $2j—4t+1Huz(2ts+]‘)+1U2(2ts+j—t)+1
s=0
2m—+1 2m—+1
+ Z Ba(ti+j—t)+1 H UD(ts+j—t)+1>
=0 s=Il+1
m
Yatm+25 = y2j74tH02(2ts+j)'02(2ts+j—t)
s=0
2m-+1 2m-+1
+ E Q2(tl+5—t) H V2 (ts+j—t)»
=0 s=Il+1
m
Yatm+2j+1 = y2j74t+1HU2(2ts+j)+1v2(2ts+j7t)+1
s=0
2m—+1 2m—+1

+ E O (tl+j—t)+1 H V2(ts+j—t)+1>
=0 s=I+1

where j € {t,t +1,...,3t — 1}. Using in —, we get

m a 4ts+25—t 2m—+1
_ 2 1 2m—I+1
Tatm+2j = $2j74tHU0 (bo> + E Ba(titj—) U0
s=0 =0

o j(27n_l+1)+t21n(27n+;)7l(171)
ot
bo

m a 4ts+25—t 2m—+1
_ 2 ( @o 2m—1+1
Tatm42j41 = $2j74t+1HU1 <b1> + E Ba(tirj—t)+1U1
1=0

s=0

(% jem—l4+1)+t
by

2m(2m+1)—1(1—1)
2

m b Ats+25—t 2m—+1
_ 2 1 2m—I+1
Yatm+2j = y2j—4tHUo <> + E Q2(ti+5—t) Vg
ag
s=0 1=0
bl J(2m—l4+1)+t 2m,(2m+;)—l(l—1)
>< —_—
ag
m b 4ts+2j—t  2m+1
_ 2 0 2m—I+1
Ydtm+2j+1 = y2j—4t+1HU1 <a> + E Q2 (tl+5—1)+1V1
1
s=0 1=0
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(19)

(20)

(21)



1682 YASIN YAZLIK AND MERVE KARA

J(2m—l41)+t 27n(2m+é)—l(l—1)
bo
X - )
41
_ TP _ =z —B _ _ y1—o _ _
where up = =0, up = S—1, vg = y(;l =0, v = yylli_kl, d = uou; and vovs =
aobo

The previous computations prove the next theorem.

Theorem 3. Let{(n,yn)},>_ be a well-defined solution of system (@) Then, we
get the next formulas:
(a) If k =1, for all n € Ny, then we get

n—1 t n—1 r n—1 t t
_ @0 @ %0 ) (4
Tenmt = Lll:[d(bl) (0> +Zﬁou1< 1> t—];~[Hd<bl> <b0>

C eI a() (1)

= t=r+1
a t a t+1
Top = X d — + d —
OH (b1> <50> Zﬁotlll <b1> <b0)
n—1 ay r+1 n—1 ay t+1
s xom(p) LG (R)
r=0 bo t=r+1 1 bo
n—1 n—1 r n—1 t t
aobo bo b1 bo (],Qbo bo bl
vt = v ]l d (1 (GO> +Za0v1 (al) _H d (a1> <a0>

t=r+1

*aobo (o aobo (bo\" (b1
= IR () (2) 7 S L () ()
= t=r+1
— b1 r+l atd aobo bo b1
+ T,EZ:OOQUO <a0> H a4 ;1 CTQ

t=r+1

b)) Ifk=2t+1(t=1,2,...), for all m € Ny, we have

(2t+1)s+j (2t+1)s+j—t
ap aq
Tatm+2m+2j+1 = T2j—4t—1 I | d
by bo

s=0
m(m—1)—1(—1)
2

L ) (t+j+1)(m—1)+(2t+1)

m—1, m—I+1 [ @
+ZﬁZ(2tl+]+l tUo Uy <b0
=0
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F(m—141)+(2t+1)
« [ %0
<b1)

m(m+1)—1(1—1)
2

m
m—1, m—1 [ Q1
+ § Ba(atirj+i)+1%0 Uy (bo

) m(m—1)—1(1+1
>(t+g+1)(ml)+(2t+1)(%()
=0

F(m=1)+(2t41) mmt ) —1A+D)
ao
<bl >

m (2t4+1)s+5+1 (2t+1)s+j—t
ap ay
Tatmiami2j42 = T2jat ] | d (b) <)
1
5=0

m
m—I+1, m—I
+Z/62(2tl+j+l—t)+1u0 Uy

1=0
ar (1) (m—14+1)+(2t41) BlmtDt0=1) a (t5+1) (m—1)+(2t41) mm=D=10=D
(bO) bl)
m o (G+1) (m—1)+(2t+1) Tt tED
m— m—
+E Ba(ativjrirnto U <b)
0
1=0
a (t47+1) (m—1)+(2¢41) =D Z1EZD)
>< pR—
b1
m aobo bo (2t+1)s+j bl (2t+1)s+j5—t
AtmA2m+2j+1 = 2’74t71H7 — —
Yatm+2m-+25+ Y2 d <a1> (ao)
s=0
m
m—1I, m—I+1
+§ Qa(2tl+j+i—-t)Vy U1
1=0
by (tj+1) (m—1)+(2t41) Bm=D=10=1) bo Fm—l41)+4(2t41) mlnt)—ta=1)
X - 20
<a0> <a1>
m l (b (t45+1) (m—1) (2t 41) 2lm=D _LEED)
m— m—
+ 5042(2tz+j+1)+1vo U1 <)
ao
1=0
bo Jm—1)+(2t+1) m(m+1;—z(z+1)
X —_
ai

(2t4+1)s+5+1 (2t+1)s+5—t
aobo bo bl
Yatm+2m+2j+2 = Y254t H a4 \a

a
s=0 0
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b )(j+1)(ml+1)+(2t+1)m(m+1)2_m_l)

m
m—I+1 m—I1 1
+E Q224145 +1—t)+1V0 vy <a
0

1=0

(bo)(t+j+1)(m_l)+(2t+1)m(m1;1(11) m l

m—1l, m
— + E Q2(2tl+5+i+1)V9 U1
1=0

( by ) (1) (m—1)+ (2t 41) lmED) 104D (bo ) (t45+1) (m—1)+(2t41) mim=)=Ll=1)
X

ai

ao ai

) Ifk=2t(t=1,2,...), for all m € Ny, we have

m a 4ts4+2j—t  2m+1
. 2 (a1 Im—I+1
Tatm+2j = T2j—4t Huo (F) + E Ba(titj—t) %o
s=0 0 =0
. 2m(2m—+1)—1(1—1)
a1 J2m—l+1)+t=———5——~
bo
m o\ dst2i—t 2mAl
_ 2 0 2m—1+1
Tatm+2j+1 = T2j—4at+1 Hul <b7) + E Ba(titj—t)+1U1
s=0 1 =0
. —l(l—
@0 ](2mfl+l)+t 2m(27n+§) (1—-1)
~ %o
b1
m b 4ts+2j—t 2m+1
2 [ b1 2m—1+1
Yatm+25 = yzj—4tHUo (a) + E Q2(t14j—t)Vo
5=0 0 =0
. —1(l—
bl J2m—l+1)+t 2n1(2m+;) (1—1)
x 21
ao
m by \ Ast2i—t  2mil
2 [ bo 2m—I+1
Yatm+2j+1 =  Y2j—4t+1 H”U1 (;) + g Q2(tl4j—t)+101
s=0 ! =0
<b() )j(2’ml+l)+t2m(2m+;)_l(l_l>
X - )
ai
where ug = 2200 gy = BB gy = Wm0 gy = mmar gy and voyy = 20l
0 e UL = o o v VL= T oU1 0V1 e

3. THE CASE ag = by AND a1 = by

The aim of in this section is to investigate the asymptotic behavior and period-
icity of well-defined solutions of system in the case ag = b; and a; = bg. The
following corollary gives us the solutions of system when ag = b; and a; = by.

Corollary 4. Suppose that {(zn,yn)},>_}, is a well-defined solution of system (@)
when ag = by and a1 = by. Then, the solutions of system (@ are given by:
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a) If k =1, for all m € Ny, then we get
o1+ (Bour + ifd=1,
Tom—1 = ! m(ﬁO ! ﬁl) dm—1 f (23)
v_1d™ + (Bour + B1) G ifd#1,
ifd=1
Lo = {0 J; Brwo ¥ Po)m - Fd=1, (24)
wod™ + (Bruo + By) G ifd # 1,
y—1+ (aov1 +a1)m if agbo = d, (25)
Yom—1 = a agbo \™ _ ¢ )
yo (222)" + (agur +a1) St ifagh # d,
d
Yo + (a1vo + ag) m if agby = d, (26)
Yom = a 20b0)™ _q .
o (2222)™ 4 (arvo + o) Sl if agby # d,
d
b)) Ifk=2t+1(t=1,2,...), for allm € Ny and j € {t,t +1,...,3t}, we have
Toj_gi—1 + (Bour + B1) (m + 1) ifd=1, (27)
Tatm~+2m j m+1_ .
Atm+2m+2j+1 = Daj—at—1d™ 1 + (Byus + By) (%) ifd+# 1,
xoj_ar + (Bruo + By) (m + 1) ifd=1, (28)
Tatm+2m j m .
A2 T, —ard™ T+ (Bruo + Bo) (d d+_11_1) ifd#1,
Y2j—at—1 + a0v1+a1)(m+1) if d = agbo,
Yatm+2m+2j4+1 = mt1 (ko)™ g\
)" (oo +an) () i 2 aut.
d
(29)
Y25 —4t =+ 011’()0 =+ Ozo) (m + 1) Zfd = agbg
Yatm+2m a m+1 agbg \m+_4 )
ek mE 22 Yoj_ap (2200) + (1o + ap) <( d;lob)oil ) if d # agbo,
d
(30)
) Ifk=2t(t=1,2,...), forallm € Ny and j € {t,t+1,...,3t — 1}, we have
Toj—4t4+1 + 61 (2m + 2) Zf u =1, (31)
x i = 2m42
pmar Toj—aryruy" T+ By (ml)ul—l 1) if ur # 1,
Toj—4t + 60 (2m + 2) if up =1, (32)
Tdtm L= we)2m+2 )
4tm+2j Woj_at (U0)2m+2+ﬁo ((0)%7_11> ifuo # 1,
Yoj—at+1 + a1 (2m + 2) if vy =1, (33)
m : = v 2m+2 .
Yatm+25+1 Yai—atin (vl)QnL-i-Z Ty ((1)“7_11) ifor £ 1,



1686 YASIN YAZLIK AND MERVE KARA

Y2j—at + ag (2m + 2) if vo = 1, (34
Yatm+2j = 2m+2 oa)2mH2 ] )
Y2j—at (Vo) + ap (O)T if vo # 1.
zo—p zr1—0 — — b
where Up = ;iko’ uy = ;17,:: Vo = y27307 V1 = %; d= UpU1 and VU1 = a?TO.

The next theorem gives the limiting properties of solutions of system in the
case ag = b; and a; = by.

Theorem 5. Suppose that {(xn,yn)},~_; s a well-defined solution of system (@)
with ag = by, a1 = byg. Then, the next statements are true.
(1) Let k=1.
(@) If (d—1)x_1 4 (Bou1 + B1) # 0, then we get

BBy | gf|d) < 1
lim |zo,_1| = d—1 f| | ’
n—eo 00 if |[d > 1.

Otherwise, if (d—1)x_1 4+ (Bou1r + 1) =0 and d # 1, then xop_1 =
x_1 for alln € Ny.

(b) If Boui+B, #0 andd =1, then |xe,_1| — 00, asn — co. Otherwise,
if Bour + 81, =0 and d =1, then xap_1 = x_1, for all n € Npy.

(c) If (d—1)zo + (Biuo + By) # 0, then we have

Bugtfolif fd] < 1,

lim |£C2n| =
n—oo o0 if |d| > 1.

Otherwise, if (d — 1) xo 4+ (Buo + By) = 0 and d # 1, then xa, = xo
for all m € Ny.

(d) If Byuo + By # 0 and d = 1, then |z2,| — 00, as n — co. Otherwise,
if Bruo + By =0 and d =1, then 3, = 29, for all n € Np.

(e) If (% — 1) y—1 + (o1 + a1) # 0, then we get

M‘ ldl > ach
lim |y2n71| = { d—agpbo Zf‘ ‘ ap0o,
o o0 if |d| < aobo.
Otherwise, if (%22 —1)y_1 + (aov1 + 1) = 0 and d # aobo, then

Yon—1 = Y_1 for all m € Ny.

(f) If apvs + a1 # 0 and d = agby, then |yon—1| — o0, as n — oo.
Otherwise, if agvy + a1 = 0 and d = agby, then yo,—1 = y_1, for all
n € Ny.

(g) If (% — 1) yo + (a1v0 + ag) # 0, then we get

lim |y2n| = d—aobo )
n—eo 00 if |d| < aobo

{eapotonld| i |a] > agbo
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Otherwise, if (a‘iibo — 1) Yo+ (a1vg + ap) = 0 and d # agbo, then yo, =
Yo for alln € Ny.
(h) If acqvo+ap # 0 and d = agbo, then |ya,| — 00, as n — oco. Otherwise,
if arvg + ap = 0 and d = agbg, then yon, = yo, for all n € Ny.
(2) Let k=2t+1(t=1,2,...) and j € {t,t + 1, ..., 3t}.
(a) If (d—1)xoj_as—1 + (Bour + B1) # 0, then we have

PugtBulifd| < 1,

00 if |d| > 1.

Im |Tapmtomtoj+1] = {
m—00

Otherwise, if (d—1)z2j_at—1 + (Bour +51) = 0 and d # 1, then
Tatmi2mt2i+1 = T2j—4t—1 for all m € Ny.

(b) If Boui + By # 0 and d = 1, then |Tapm+2m+2;+1| — 00, as m — 0.
Otherwise, if Boui+B, = 0 andd = 1, then Tatmi2m+2j+1 = T2j—at—1,
for all m € Ny.

(c) If (d —1)zoj—at + (Bruo + By) # 0, then we get

B1uo+Bo
d—1

ifld < 1,

Lm | Zapmaomaoi =

Jm |Zagm s om 24| {OO Fldl> 1.
Otherwise, if (d — 1) xoj_ar + (B1uo + By) =0 and d # 1, then
Tatmi2mt2j4+2 = T2j—4t for all m € Ny.

(d) If Byuo + By # 0 and d = 1, then |Tagm2m+y254+2| — 00, as m — 0.
Otherwise, if Biug + By = 0 and d = 1, then Tapmyom+2j+2 = T2j—at,
for all m € Ny.

(e) If (% — 1) y2j_at—1 + (ov1 + 1) # 0, then we have

d—ao bo

(egeuteald | if|d] > agho,

Bm |Yatmt2ms2j+1] =
m—oo e o0 Zf‘d‘ < apby .

Otherwise, if (aﬂdb0 - 1) Y2j—ai—1+ (o1 + 1) = 0 and d # apby, then
Yatm42m+2j+1 = Y2j—at—1 for all m € Ny.

(f) If cpvi+a1 # 0 and d = agby, then |Yaimtom+2i+1| — 00, as m — oo.
Otherwise, if apvi + a1 = 0 and d = aoby, then Yamyom+2j41 =
Y2j—4t—1, f07” all m € Ny.

(g) If (% — 1) y2j—at + (Q1v0 + ) # 0, then we get

d .
(oapt60)d |y |d) > agb,

M (Yatm2mt2j+2] =
m—oo [UTHITEITE 0 if |d| < aobo.

Otherwise, if (“"dbo — 1) Yoj—at + (1o + ap) = 0 and d # agby, then
Yarm+2m+2j+2 = Y2j—a¢ for all m € Ny.
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(h) If cxvg+ g # 0 and d = apbo, then |Yatm+am+2j+2| — 00, as m — 0.
Otherwise, if ayvo+ag = 0 and d = agbo, then Yapmt2m+2j+2 = Y25—at,
for all m € Ny.

(3) Letk=2t(t=1,2,...) and j € {t,t +1,...,3t — 1}.

(a) If (u1 — 1) &oj_ar41 + By # 0, then we have

5y ‘ if lui| < 1,

ulfl

im [@apmy2j+1] =
m—oo T 00 if lug| > 1.

Otherwise, if (u1 — 1) Zoj_as41+ 61 = 0 and w1 # 1, then Tapmi2j41 =
Toj—at+1 for all m € Ny.

(b) If B1 # 0 and uy = 1, then |Tatm2j4+1| — 00, as m — oo. Otherwise,
if 81 =0 and uy =1, then Tatmi2j+1 = Toj—art1, for all m € Npy.

(¢) If (wo — 1) xoj—ar + By # 0, then we get

Zog| i Juol < 1,

up—1

hm |x4tm+2j| = {
m—oo

Otherwise, if (ug — 1) xoj_ar + By = 0 and uy # 1, then Tyymio; =
Zo—at for all m € Ny.

(d) If By # 0 and up = 1, then |Tagm42;| — 00, as m — oo. Otherwise, if
Bo =0 and ug = 1, then Tagmi2; = Toj—at, for all m € Ny.

(€) If (vi — 1) y2j—at41 + a1 # 0, then we have

00 if luo| > 1.

. ai ’Lf vy| < 1,
Hm |yagmyojq1] =170 o
meee 00 if |v1| > 1.

Otherwise, if (v1 — 1) yaj—ar+1+01 = 0 and vy # 1, then Yapmr2j+1 =
Y2j—at+1 for all m € Ny.

(f) If o # 0 and vi = 1, then |Yatm+2;+1| — 00, as m — oo. Otherwise,
if a1 =0 and v1 =1, then Yarmy2j41 = Y2j—at+1, for all m € Ny.

(8) If (vo — 1) yoj—ar + o # 0, then we get

[e7s]
vo—1

lim |y4tm+2j| = {
m— 00 00

Otherwise, if (vo —1)yaj—ar + g = 0 and vo # 1, then Yapmy2; =
Y25 —4t fO’/” all m € Ny.

(h) If ap # 0 and vg = 1, then |yapm+2;] — 00, as m — oo. Otherwise, if
oo =0 and vo = 1, then Yam425 = Y2;j—at, for all m € Ny.

Zf |’U()| <1,
Zf |’U0| > 1.

Proof. We will only prove the items (a) and (b) for k = 2¢t + 1(¢t = 1,2,...) and
je{t,t+1,..., 3t} since the other cases can be proved similarly.

(a) Assume that (d —1)zoj_ar—1 + (Bour + 51) # 0. It is easy to see from

Corollary 4 that atmyam2j+1 # 0. Clearly, if |d| < 1, then |d|erl — 0
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as m — co. On the other hand, if |d| > 1, then |d|™" — oo as m — oc.

From Eq. , we get

(d—1)zoj—ap—1 + (Bour + 51)dm+1

Jm s asnl = | =
(Bou1 + 1)
+(153
_ |d=Dryaat+ Boma +51) (o gmr
d - ]. m— 00
(Bou1 + B4)
(15
_ ‘(5031:;51) if |d] < 1
00 if |d| > 1
Now on the other hand (d — 1) 2;_4t—1+ (Bou1 + 8;) =0 and d # 1. Then
we have
il dm—i—l -1
Totm+2m+2j+1 = $2j74t71d + (60“1 + 51) ﬁ

dm+1 -1
= @oj_g1d™T 4 (dl) (—(d—=1)wo5-at-1)

1 1
= Zoj_gr1d™ = (A" = 1) myj_g

= T2j—4t—1,

which completes the proof of (a).
(b) Let d =1. If Byus + B, # 0, then from Eq. we get

Tatmram+2j4+1 = T2j—at—1 + (Bour + B1) (m + 1) # 0.

Letting m — oo in above equations implies that |Z4¢mom42j+1] — 00. On
the other hand, If Syu; + 8, = 0, then obviously, for all m € Np,

Tatmyam+2j+1 = Toj—at—1 + (Bour + B1) (m + 1) = xoj_4y—1 + 0 = 25441,

which completes the proof of (b).
(]

Corollary 6. Suppose that {(zn,yn)},>_;, is a well-defined solution of system (@

“Odbo. Then, the next statements are true.

with ag = by, a1 = by, uou1 = d, vov1 =

(1) Letk=1.
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(a) If d = —1, then for all m € Ny, we get

Tam—-1 = T—1,

Tam = Zo,

Tamy1 = —T-1+ (Bour + B1)
Tymy2 = —To + (Bruo + Bo) -

(b) If d = —agbo, then for all m € Ny, we have

Yam—1 = Y-1,

Yam = Yo,

Yam+1 = —yY—1+ (v1 + 1),
Yam+2 = —Yo + (a1v0 + p) .

(¢) If d =1,u1 = ug = 1,8y + B, =0, then for all m € Ny, we get
To2m—-1 = T-1,
T2m = Zg-

(d) If d = agbo,v1 =vo = 1,0 + a1 = 0, then for all m € Ny, we have
Yam—-1 = Y-1,
Y2m = Yo-

(2) Let k=2t+1,(t=1,2,...) and j € {t,t+1,...,3t}.
(a) If d = —1, then for all m € Ny, we have

T8tmtdm+25+1 = —xgj_a—1 + (Bour + B1),
T8tm+4am~+4t+25j+3 = T25—4t—1,

T8tmt+dm42j+2 = —xoj_4 + (Bruo + By),
T8tm+4am—+4t+25j+4 = T25—4t-

(b) If d = —agby, then for all m € Ny, we get

Ystm+4m+2j+1 = —y2j—ar—1 + (ov1 + 1),
Y8tm+dm+4t+25+3 = Y2j—4t—1,

Y8tm+dm-+2542 = —yoj_ar + (Vo + o) ,
YStm4-am+4t+25j+4 = Y25—4t-

(¢) Ifd=1,u1=ug=1, By+ 51 =0 then for all m € Ny, we have

Tatm+2m+25+1 = T25—4t—1,
Tatm+2m+2j+2 = L2j—4t-
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(d) Ifd =agby , v1 =vo =1, ag+ a3 =0 then for all m € Ny, we get

Yatm+2m+25+1 = Y25—4t—1,
Yatm+2m+25+2 = Y25—4t-
(3) Let k=2t,(t=1,2,...) and j € {t,t +1,...,3t = 1}. Ifug = up = vy =
vo=—loru =uy=v1 =v9=1and B, =8y=01 =ay =0, then for

all m € Ny, we have

Tatm+2j4+1 = T2j—4t+1,
Tatm+-25 = T2j—4t,
Yatm+2j+1 = Y25—4t+1,
Yatm+2j = Y25 —4t-
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