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Abstract: The aim of this study is to identify high school students‘ understanding of average concept and the reasoning types 

they appeal to solve average problems. The case study approach was used in this study and the participants were selected by 
purposeful sampling. The participants consisted of five 9th grade and four 10th grade students, studying at a high school in 

Istanbul. In order to identify students‘ understanding of average, a test consisting of 5 open-ended problems were used and 

semi-structured interviews were held with each of the students. The data were analyzed by thematic analysis approach. For 

data analysis, framework proposed by Mokros and Russel (1995) was used to determine students‘ understanding of average 
and Lithner‘s (2008) framework was used to reveal their reasoning types. Results showed that students mostly understood 

average as mathematical point of balance. Creative mathematically founded reasoning and algorithmic reasoning was used 

the most. Creative reasoning is effective in reaching the right answer. In solutions where creative reasoning is used, students 

generally also have the idea of representativeness. The type of problem influences the reasoning process. Inadequacy of 
students‘ prior mathematics knowledge hinders both their understanding of the average and their reasoning skills.  
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1. Introduction

In today‘s world, students need to have reasoning skills to meet their future needs which will prepare them 

for future success as citizens and in the workplace, as well as enable them to pursue careers in mathematics and 

science (National Council of Teachers of Mathematics [NCTM], 2009). Mathematical literacy is one of the 

prerequisites regarding development and modernization of members of a country (Ersoy, 2003). Statistics 

knowledge, being a part of mathematical literacy, is used widely to interpret any kind of information, and people 

often see it in graphics, charts, averages (Toluk-Uçar & Akdoğan, 2009). It is important to be competent to use 

statistics knowledge in a world changing and advancing rapidly.  

Average is one of the basic concepts of statistics. Most students encounter this concept in daily life in forms 

such as height, age and score averages before receiving formal statistics training (Chatzivasileiou,  Michalis & 

Tsaliki, 2010). It is known that many years in math classes, average is taught limited to add and divide 

algorithm, which doesn‘t fully represent the context and lacks the relation with data (Turkey‘s Ministry of 

National Education [MoNE], 1998; Watson, Chick, & Callingham, 2014; Watson & Moritz, 2000). The 

increasing importance of statistical skills has been demonstrated by the emphasis on statistics in various 

mathematics education reform movements around the world. This leads a change in understanding of average 

concept in the curriculum of various countries (Australian Education Council, 1991; NCTM, 2000). Similarly, 

the average concept had been approached as calculations before 2006 in curriculum of Turkey (MoNE, 1998). 

Thereafter, in parallel with the developments in the world, mathematics curriculums have been changed to be 

related to real-life situations and to be conceptual rather than operational (MoNE, 2009, 2013, 2015, 2018a). 

According to the mathematics curriculum, 6th grade students are expected to use average to interpret and 

compare data related to the two data groups. In 7th grade, besides average concept, they are expected to 

recognize, calculate and interpret midpoint and mode concepts (MoNE, 2018a). In 9th grade, they are expected 

to associate the concepts average, midpoint and mode to the real-life situations (MoNE, 2018b).  

Arithmetic average simply refers to the basic algorithm, that is to say, adding the value of each item in a 

group and dividing it by the total number of items in the group (Cai, 1998). This concept can be used to interpret 

a data of one group, or to compare two data groups by standard deviation (Cai, 2000; Mokros & Russel, 1995). 

To comprehend the average, one needs to internalize thoroughly both average algorithm and the statistic 

relations of the term (Cai, 2000). Therefore, knowing the algorithm doesn‘t suffice to use arithmetic algorithm in 

different contexts, it requires conceptual comprehension. For this reason, in order to help students to develop 

accurate meaning, it is vital to know how they assign to a meaning to the average concept.  

In their studies with 6th, 7th and 8th grade students, Mokros and Russel (1995) found that while solving the 

problems in different contexts, students‘ understandings of average were one of the five categories: average as 
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mode, as algorithm, as reasonable, as midpoint and as mathematical point of balance. According to Mokros and 

Russel (1995, p. 26), students‘ understanding average as mode always use mode while interpreting data, they 

perceive mode as ‗the most‘, they either barely use average algorithm or use it incorrectly. Students 

understanding average as algorithm, perceive it as using an algorithm that was learned in school, they confuse 

total, average and data concepts. Students understanding average as reasonable, consider average as a tool for 

making sense of the data. They choose an average that is representative of the data, both from a mathematical 

perspective and from a common-sense perspective. Students viewing average as midpoint, consider average as a 

tool for making sense of the data. They seem to believe the mean and middle are basically equivalent measures. 

Students perceiving average as mathematical point of balance consider average as a tool for making sense of the 

data. They look for a point of balance to represent the data, take into account the values of all the data points, 

they use the mean with a beginning understanding of the quantitative relationships among the data, total and 

average. They are able to work from a given average to data, from a given average to total, from a given total to 

data.  

According to Mokros and Russel (1995) students who understand average as mode, are not able to recognize 

data as a whole, they perceive each data as a different value so that they cannot differentiate a value representing 

a group. Likewise, students who understand average as algorithm, cannot recognize the concept as a whole. 

Students who understand average as reasonable, middle point, and mathematical point of balance have not 

brought into dexterous solutions, yet they have been constructing the meaning of the concept.  

In many studies, it is seen that although students know the arithmetic mean algorithm and use it in various 

situations, they do not fully understand its meaning (Cai, 2000; Konold & Pollatsek, 2002; Mokros & Russell 

1995, Pollatsek, Lima, & Well, 1981; Watson & Moritz, 2000). Students who tend to use the algorithm in 

solving problems of average, cannot recognize average as representative of data (Toluk-Uçar & Akdoğan, 2009). 

When the problem-solving strategies of students were examined, it was observed that they frequently understand 

average as mathematical point of balance and as algorithm (Enisoğlu & Işıksal-Bostan, 2017). Although the 

students realize the representational power of the arithmetic mean, they have difficulty in evaluating the data as a 

whole (Chatzivasileiou et.al., 2010). 

Besides student‘s understanding of arithmetic algorithm, the types of reasoning they use in problem solving 

worth researching. In addition to its significance in all disciplines, reasoning has special and essential place in 

mathematics (NCTM, 2009, p.4). In many countries, mathematical reasoning is valued and activities that 

improve mathematical reasoning are included in the mathematics curriculum (Fujita & Jones, 2014; Herbert, 

Vale, Bragg, Loong & Widjaja, 2015; Thompson, Hatfield, Yoon, Joshua & Byerley,2017). Mathematical 

reasoning provides a strong foundation for students to understand a wide range of mathematical ideas such as 

rate of change and linearity, exponential growth, rate (Adu-Gyamfi & Bossé, 2014; Ellis, Ozgur, Kulow, Dogan 

& Amidon, 2016; Lobato & Siebert, 2002). In other words, reasoning skills and understanding of math topics are 

closely linked. 

Reasoning skill, which is very important for mathematics teaching (Kramarski, Mavarech, & Lieberman, 

2001), is described in the literature as a high-level skill that requires inference and judgement (Silver, 1997). 

Reasoning is a process of reaching a plausible conclusion by taking into account of all the elements and 

considering the sequences of thought (Umay, 2003). According to Lithner (2008), reasoning is the sequence of 

thinking adopted to produce assertions and reach conclusions in task solving. 

Students often tend to use short-cut strategies by delaying interpretation when answering problems 

(Schoenfeld, 1991). Students who fail in reasoning use the knowledge rotely, their strategies do not depend on 

mathematical properties; even if they use the right mathematical calculations, these calculations mostly depend 

on algorithm, done by rotely (Lithner, 2000; 2003). The ones who have deficient reasoning do not complete the 

reasoning process, exhibit solutions lacking conceptual understanding, or bring imitative solutions (Umay & 

Kaf, 2005). There are plenty of researches concerning students‘ reasoning process (Lithner, 2000; Bergqvist, 

Lithner, & Sumpter, 2003; Bergqvist, Lithner, & Sumpter, 2008; Erdem, 2011; Erdem & Gürbüz, 2015; Poçan, 

Yaşaroğlu, & İlhan, 2017; Umay & Kaf, 2005). The results have shown that their level of reasoning is mediocre 

or low.  

There are several approaches to evaluate the mathematical reasoning process (Farmaki & Paschos, 2007; 

Fischbein, 1999; Lithner, 2008; Skemp, 1976; Wyndhamn & Saljö, 1997). In this paper, Lithner‘s framework 

was adopted. This framework was chosen because it was created by examining the types of reasoning in many 

experimental studies (Lithner, 2000, 2003, 2004). According to Lithner (2008), the problem-solving process of 

the student proceeds as encountering the problem, choosing a strategy, applying the strategy, and obtaining a 

result and this process is seen as a product of his thinking method. Therefore, the students' reasoning is revealed 

based on their arguments.  
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Lithner (2008) identifies two reasoning types: imitative reasoning (IR) and creative mathematically founded 

reasoning (CMR). Imitative reasoning is solving problems by using methods known or provided by someone 

else. This type of reasoning is separated into two: memorized reasoning (MR) and algorithmic reasoning (AR). 

The strategy used in MR is based on recalling. The person writes down the information by recalling. AR, on the 

other hand, is based on recalling the sequence of calculation rules, depending on the problem type. Since the 

calculation doesn‘t include any new piece, as long as the person doesn‘t make any careless mistakes, he or she 

gets the answer without reasoning (Boesen, Lithner, & Palm, 2010). On the other hand, CMR can be described 

as problem solving, using mathematically established and internally structured claims. The distinctive 

characteristics of this strategy are originality, plausibility, and having a mathematical foundation (Lithner, 2008). 

Here, originality refers to being novel in reasoning sequence for the person who constructs it, plausibility refers 

to having plausible and correct explanations for strategies chosen or implemented, and finally having a 

mathematical foundation refers to not contradicting with the basic principles of mathematics in reasoning.  

In the past years, many studies have been conducted that focus on primary and secondary school students' 

understanding of average, and the strategies they use in solving problems related to the average (Cai, 2000; 

Enisoğlu & Işıksal-Bostan, 2017; Mokros & Russell 1995; Toluk-Uçar & Akdoğan, 2009; Watson & Moritz, 

2000). In these studies, it was noted that there were deficiencies in the students' knowledge of the average 

concept. Reasoning is especially important for understanding the connections and relationships between 

mathematical ideas (English, 1998). Examining students' deficiencies in understanding of average concept by 

focusing on their mathematical reasoning processes can help achieve more detailed results. Also, we do not have 

sufficient information about whether the above mentioned research results are valid for high school students. In 

this regard, in this study it was aimed to identify students‘ understanding of average concept and the reasoning 

types they appeal to solve average problems. As a result, answers to the following research questions were 

sought: 

a. How do the 9th and 10th grade students understand the concept of average? 

b. What are the reasoning types of 9th and 10th grade students when solving problems involving average 

concept? 

2. Method 

In this study, case study was used to determine students‘ understandings of average and the reasoning types 

they use while solving average problems. According to Merriam (2009) case study is an intensive, holistic 

description and analysis of a bounded phenomenon such as a program, an institution, a person, a process, or a 

social unit. Creswell and Poth (2018) describe the case study as a qualitative approach in which the investigator 

explores a real-life, a case or multiple cases over time, through detailed, in-depth data collection involving 

multiple sources of information. In this regard, the case which this study focuses on is, students‘ understandings 

of average and the reasoning types they use during average problem solving. 

2.1. Participants 

For determining the participants of this research, purposeful sampling, which is one of the criterion sampling 

methods, was used. The criterion sampling method is the selection of situations that meet some predetermined 

important criteria (Patton, 2002). The participants consisted of 9 students, 5 of whom were in the 9th grade and 4 

of whom were in the 10th grade, studying at a high school in Istanbul. One of the 10th grade students was female 

(S10-2). Average is a subject of 9th grade at the high school level. For the participants, it has been deemed 

appropriate to select both the 9th grade students who have recently studied the subject and 10th grade students 

who have passed a certain period of time after the subject has been studied. The high school where the research 

was carried out is a public school with intermediate level students. The mathematics achievement level of the 

selected students is close to each other, being intermediate or lower which reflects the school achievement level. 

In selecting students, criteria such as mathematics grade point averages of medium and high levels according to 

school level, recommendations of teachers from different branches, their ability to express their thoughts clearly 

and their willingness to participate in the study were taken into consideration. In this study, concerning ethical 

principles, instead of their real names, S9-1, S9-2, S9-3, S9-4, S9-5 codes for 9th grade students and S10-1, S10-

2, S10-3, S10-4 codes for 10th grade students were used. 

2.2. Data collection tools  

The data collection was conducted after the completion of basic statistics concepts namely; average, mode 

and median, which are 9
th
 grade topics. In order to identify students‘ understandings of average, a test consisting 

of 5 open ended problems (see Appendix) were used. An extensive literature review was made during the 

preparation of problems. The problems focused on the meaning of average concept, interpreting average-related 

expressions, calculating average. The first problem of the test was adapted from Gal, Rothschild, and Wagner 

(1990), the second was adapted from Watson and Moritz (2000), others were constructed by researchers, and the 
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final form of the data collection tool was formed after obtaining expert opinion. Semi-structured interviews were 

conducted with students during the completion of the test. In this interview, problems were asked according to 

their responses, hereby it was aimed to identify their understandings of average and the reasoning types they use 

in the problem solving process. Examples of these questions are: ―How did you do the solution?‖, ―Can you 

explain the strategy you used?‖, ―Why did you think so?‖, ―What did you find?‖ and ―Are you sure the solution 

is correct?‖ 

2.3. Data collection process 

The data for this research was collected in 2018. During data collection, semi-structured interviews were held 

with each of the students. Before the data collection, pilot study was carried out with a student who is 

appropriate for sampling criteria. In this way, it was aimed to take necessary measures for possible failures that 

may arise during the application process and the data collection process. The test, which consisted of 5 problems, 

was given to the student and asked to read the problems out loud and then solve them. This process was repeated 

individually with each student and this process, which had no time limit, was recorded with a video recorder. 

The researcher encouraged students to explain their solution strategies during the problem solving process. When 

their explanation was not clear enough, questions such as, ―Why did you do this calculation? What is the reason 

for choosing these numbers? What did you take into consideration to do this?‖ were asked. Thus, students‘ 

understandings of average and their reasoning types were tried to be determined more clearly. 

2.4. Data Analysis 

For the analysis of the collected data, primarily video recordings were written, then the written responses to 

the open-ended problems and verbal explanations were analyzed by using Boyatzis‘ (1998) thematic analysis 

approach. The theme and codes to analyze the data were formed with the help of literature (theory-driven code 

development), subsequently the raw data was categorized by coding, the validity of the process was tried to be 

provided and the results were interpreted (Boyatzis, 1998).  

In data analysis, in order to determine students‘ understandings of average and to reveal their reasoning types 

in problem solving, two different frameworks were used. First, students‘ understandings of average were 

determined using the framework proposed by Mokros and Russel (1995). Taking into consideration of the 

students‘ strategies and explanations, their understandings of average were coded as mode (M), algorithm (A), 

reasonable (R), midpoint (m), mathematical point of balance (B). If the student interpreted the most repetitive 

data point as if it is average, the understanding of the student coded as M. If the student used add-and-divide 

algorithm but he or she was not able to explain the relation between data and average, it was coded as A. If the 

student paid regard to the relevance of the result with the real-life experiences even though s/he used algorithm, 

if s/he considered the value the most proper among the various values, it was coded as R. if the student focused 

on the midpoint to make sense of the data and made interpretation with regard to be in the middle, it was coded 

as m. If the student sought for a point of balance which represents the data and he or she can explain the relation 

between the obtained result and the data set, the understanding of the average was coded as B. 

In addition to this, to reveal student‘s reasonings in each problem, Lithner‘s (2008) reasoning framework was 

used. In this study the reasoning types students use in problem solving were coded as MR, AR and CMR. The 

indicators of MR, AR and CMR are presented in Table 1. For determining the reasoning types of the students, it 

was taken into consideration whether these indicators were exhibited or not. 

Table 1. Reasoning types 

Reasoning Types Codes Indicators 

Imitative 

Reasoning (IR) 

Memorized  

Reasoning 

(MR) 

1. The strategy choice is founded on recalling a complete answer. 

2. The strategy implementation consists only of writing it. 

Algorithmic  

Reasoning 

(AR) 

1. The strategy choice is to recall a solution algorithm. The 

predictive argumentation may be of different kinds, but there is no 

need to create a new solution. 

2. The remaining reasoning parts of the strategy implementation 

are trivial for the reasoner, only a careless mistake can prevent an 

answer from being reached 

Creative mathematical 

founded reasoning (CMR) 
(CMR) 

1.Novelty: The reasoner creates a new set of judgments or 

recreates the forgotten one. 

2. Reasonability: There are arguments that explain why the results 

that support strategy selection and/or strategy implementation are 

true or plausible. 

3. Mathematical foundation: Arguments are related with the 

mathematical properties of the components involved in the 

reasoning. 
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For the reliability of coding, approximately 10% of the data is coded separately by the authors. As a result of 

coding, over 85% of consistency was observed. It is recommended that the agreement between encoders is 

higher than 80% (Miles & Huberman, 1994). Then, the situations in which different codings were made were 

examined one by one and negotiated until a compromise was reached. An expert opinion was consulted on these 

data coding and the ultimate form of the coding was given. Finally, the coding process was completed. 

3. Findings 

In this section, findings related to students‘ understanding of average and their reasoning types on problem 

solving are presented below two headings. 

3.1. Students’ Understanding of Average 

The framework provided by Mokros & Russel (1995) was used in order to determine students‘ understanding 

of average. As a result of the analysis of the data, it was seen that the students attributed different meanings to 

the average concept in different problems. Table 2 presents students‘ frequencies of understandings of average 

concept in problem solving. They understand average as a mathematical point of balance mostly. Although this 

approach is mostly used by the S9-3 and S9-4, it was used by a total of six students. Reasonable value, 

algorithm, and midpoint follow it, respectively. Only one student understood average as mode.  

Table 2. Students‘ different understandings of average 

 Understandings of Average 

 Mode (M) Algorithm (A) Reasonable 

(R) 

Midpoint (m) Mathematical 

point of 

belance (B) 

Frequencies of codes 1 11 13 7 18 

Frequencies of 

participants 
1 5 7 5 6 

 

In Table 3, students‘ understandings of average for each problem can be observed. Since students‘ 

understandings of average in solving and interpreting the solution differed in the 4th problem, the coding was 

made separately for these two cases. In Table 3, the students‘ understandings of average when solving the 

problem is coded by (i) and when interpreting the problem is coded (ii). Moreover, some students left several 

problems unanswered and the ―-― symbol is used in the table for this situation. 

Table 3. Students‘ understandings of average on each problem 

Problems S9-1 S9-2 S9-3 S9-4 S9-5 S10-1 S10-2 S10-3 S10-4 

1 m M B B R R R R R 

2 A - B B A A A A - 

3 B R B B A A B B R 

4 (i) m m B R A B B m m 

4 (ii) A m B R R R R A R 

5 B - B B A m B B - 

 

In the analysis of the data, it was observed that students could interpret average differently for any problem. 

For instance, in the first problem students‘ understandings of average appeared in four different categories: 

midpoint, mode, mathematical point of balance, reasonable value. In some cases, students could not answer the 

problem and passed it. Except for S9-3 who considered average in the same meaning in every problem, students 

exhibited different understandings in different problems. As an example of this, the dialogues showing the 

approach of S9-5 to question 1 and question 5 can be examined. The dialogue between S9-5 and the researcher 

in problem 1 is as follows: 

The researcher: So how many students can be in a class in this case, can you give an example? 

S9-5: In a classroom… 30 ..35 

The researcher: It doesn't have to be 32 then. Could it be 50-60? 

S9-5 It may be 50-60 but 50 is appropriate at most 

The researcher: Is there a limit to this? 

S9-5 There is. It can’t be 60-70-80 

The researcher: Why not? 

S9-5: It (the class) gets very crowded .. it would be noisy. 

The researcher: I'm asking regarding as a number. Let's say there are 100 people in a class. 

Could the average of all classes be 32? 

S9-5: No way. There should be something close to 32 
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S9-5 evaluated the meaning of the mean given in the 1st problem by using real life experiences, stated that a 

class could not be too crowded, and also stated that when an average of 32 is given, the number of students in 

other classes should be close to this value.  Accordingly, the student's answer was coded as R. On the other hand, 

the same student estimated values of lengths of the sticks in the fifth problem. Then, he tried to find a result by 

adding and dividing these estimated values. S9-5 insistently tried to use the algorithm which he knew. This 

indicates he considered average as algorithm in the fifth problem.  

Evaluation was made according to students‘ predominant approach summarizing the data in each problem. It 

was seen that average was considered as reasonable in the first, as algorithm in the second, as mathematical point 

of balance in the third, as reasonable value in the fourth, as mathematical point of balance in the fifth problem. 

While giving examples of average in the first problem, students generally appealed examples based on their 

school life such as ―grade-point average, average of exams, average of school report, mathematics‖. Interpreting 

the expression ―32 students on average‖ and evaluating its plausibility, they appealed real-life experiences. 

Students mostly believe that the average is a value (estimation) that can have one of several values. Furthermore, 

they consider the average as ―close, around, near.‖  

The following dialogues demonstrate how students rely on ―close near, around‖ ideas. It was seen that these 

students perceived average as reasonable. The dialogue between the researcher and S10-2 about the first prblem 

is as follows: 

S10-2: There are 32 students in each class 

The researcher: There are 32 students in each class for sure? 

S10-2: No, it’s average, it's around. 

The dialogue between the researcher and S10-1 about the first prblem is as follows: 

S10-1: So there were 32 students. So the average is 32. So it could be more than 32, it could be 

less. 

The researcher: Well, you said it could be more than 32. Could it be too much? For example, can 

it be 60? 

S10-1: No it can't be that much. 

The researcher: How many can it be? 

S10-1: May be 40-42. 

The researcher: Can it be too little? 

S10-1: It can't be too little. Because you know what he says it is average ... it must be close. It 

shouldn't be too much. 

In the second problem, students predominantly did calculations (adding and dividing) with given numbers to 

reach a result. These students considered finding average as implementing the learned algorithm. In the students‘ 

wrong answer of this problem, they tried to use average algorithm mostly with useless and cyclical methods. 

Figure 1a demonstrates S10-2‘s, and Figure 1b demonstrates S10-3‘s calculations while solving the problem.  

 

a.S10-2‘s Calculation (3. household 2 people, 5. household 5 people)   b. S10-3‘s Calculation 

Figure 1. Examples of students‘ answers for the second problem 

The dialogue between the researcher and S10-2 during the solution of second problem shown in Figure 1a is 

as follows: 

S10-2: There were 2 people in 3rd household, 5people in 5th .. How many people are in 8 flats? If 

there are 10 households… (he rereads the question and pauses.) Since this place turns out to be 

7… (calcuating 5 + 2) in 8 households… (thinks for a while) It’s wrong (he abandons the solution) 

The dialogue between the researcher and S10-3 during the solution of second problem shown in Figure 1b is 

as follows: 

The researcher: Why did you add 5 and 2? What did you find when you gathered (found 7:2 = 

3,5). 

S10-3: Average 
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The researcher: The average of what? 

S10-3: In two households. 

The researcher: How did you plan to use it? 

S10-3: Multiply this by 8  

The researcher: Why 

S10-3: make 3,6 ... because it says 3,6… (Trying to make the result 3.6) 

The researcher: How will you do that? (After a few more adding and dividing attempts, he erases 

and abandons the solution) 

It is seen that these students abandoned the solution, not being sure whether the solution would be correct or 

not. However they both tried to add and divide the given numbers. This indicates they consider average as an 

algorithm.In the third problem, when the students were creating the team that met the conditions, it was seen that 

they first chose three people and calculated their height averages, if they could not reach an appropriate result, 

they tended to choose another triple. While some students randomized these trials, some students sought other 

lengths to balance their chosen length to an average. For instance, while trying to reach an average between 138 

cm and 145 cm, S9-1 and the researcher had the following dialogue:  

S9-1: Let's try (trying to create the team, he writes Ceren 130, Fırat 180, Demet 120) 

The researcher: Why did you choose those ones? 

S9-1: Since Fırat is 180 cm, I should have chosen the two others short ones (Calculates the 

average height of 3 people as 143, ..) This (team) is possible. 

It is seen that these students, who try to balance by taking into account all the data, perceived average as 

mathematical point of balance. Four students, instead of making calculations, made sure to choose the length of 

the students to be included in the team, close to the desired range in the problem. S9-2 began choosing Ayça, the 

only appropriate for the requested average of the team. When S9-2 was reminded that the team should involve 

three people, added the others. It was seen that these students interpreted the average mathematically as 

"around", that is, as reasonable. S10-4 made the following explanation while solving this problem: 

The researcher: Did you understand (the question)? 

S10-4: Yes. (thinking) Ceren? 

The researcher: Ceren? 

S10-4: No, sorry not Ceren. There is Ayça. 

The researcher: Ayça .. yes? 

S10-4: Could it be Burak? 

The researcher:  I don't know. You know which 3 people you choose. Then you will explain to me 

why. 

S10-4: (silence, just looking, not writing) Ayça, Burak and Fırat 

The researcher: Why? 

S10-4: He doesn't say anything for sure, either. Maybe longer ones can also join (the team). But 

since he says 138 (pointing at Ceren-130) this little one cannot join. But over 145 (those) maybe 

can join.  

It is noteworthy that this student's tendency to round up the large values as well as taking the close values. 

This situation was also seen in other students in the fourth problem. 

None of the students were able to solve the fourth problem completely correctly. While finding the average, 

S9-2 chose the middle of the graph, others summed up the values of the columns and divided the result by 4. In 

the same problem, some students determined a correct place while drawing a column, yet they tried to match 

their length to a length between the left and right column of the place where he was drawing. It might be argued 

that some of these students could find correct results if they could read the graph accurately.  

For example, S9-4 misinterpreted the graph: ―In the second packet… There are 10. In the third packet, there 

are 20, in the fourth packet there are 15… 75 in total.‖ Although he placed the column in the right place when he 

was going to draw a new column, he draws the column 5 units long, on the grounds that it was the 5th packet. In 

other words, the student actually performed consistent operations within the graphic interpreting system he 

created. But this led him to a wrong answer. 

Another remarkable point in the fourth problem is that after finding the average number of sugars in a group 

of packets, S9-5 and S10-2 argued that all sugar packets should contain at least as much sugar as the average 

number of sugars. For instance, after finding the average with 75:4=18 calculation, S9-5 explained about the 

number of sugars that packets may contain: ―… Because it has the denominator. (he actually refers to the 

remainder of the division) (The number of sugars that can come out of the packets) can be above 18 but not less. 

It could be 19 or 20, but not 17.‖ S9-5 and similarly S10-2 considered the average they calculated as a lower 

bound. 
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In the fifth problem, most of the students considered average as mathematical point of balance. Students who 

perceived average as mathematical point of balance initially tried to obtain the total length of the sticks, by 

placing the auxiliary sticks given to them end-to-end or by measuring them repeatedly. In this problem, two of 

the students could not provide a solution, one of them tried to reach the conclusion by assigning estimated length 

values to the sticks and making calculations with the assigned values (algorithm).  

Another student focused on finding a length that would fit in the middle by placing three sticks side by side 

(midpoint). S10-1 was seeking for a length that would be in the middle of the given sticks‘ lengths, therefore he 

understood average as midpoint. After hearing the question put three of the sticks next to each other, not end to 

end and he had the following dialogue with the researcher: 

S10-1: It (the result) will not be smaller than this (showing the smallest stick) nor will it be taller 

than this (showing the longest stick). 

The researcher: So how long will it be compared to this one? (showing the medium stick) 

S10-1: It will be a little longer than that .. 

The researcher: How did you decide it is longer than that? 

S10-1: Because the long one is too long. But the medium one is closer to the small one. So this will 

get a little bigger (medium one). (then he takes this medium stick and takes it next to other rod 

groups and measures it) 

The researcher: Are you looking for something close to that one? 

S10-1: Close to it, a little big, not too big. (Finally he decides to choose the blue stick). 

3.2. Students’ Reasoning Types on Problem Solving 

Lithner‘s (2008) framework was used to reveal students‘ reasoning types. When student‘s reasoning types 

were scrutinized, it was observed that they tended to use different forms of reasoning in different problems. As 

can be seen in Table 4, which demonstrates the frequencies of students‘ reasoning types, the most used reasoning 

type was CMR followed by AR and MR. 

Table 4. Students‘ reasoning types 

 Memorized Reasoning 

(MR) 

Algorithmic Reasoning 

(AR) 

Creative Mathematically 

Founded Reasoning 

(CMR) 

Frequencies 12 14 15 

 

In Table 5, students‘ reasoning types in each problem can be seen. Two students (S9-2, S10-4) could not 

answer the second and fifth problems. Students usually used similar reasoning types in the same problems.  

In the first problem, all the students made similar interpretations reminding the average algorithm they had 

learned before. For instance, while explaining how the average is founded, S9-1: ―He might have summed the 

numbers of students and be divided it into the number of the classrooms.‖, S10-4 ―All the students were added 

and were divided into the (total) number of the classrooms.‖ 

Table 5. Students‘ reasoning types on problem solving 

Problems S9-1 S9-2 S9-3 S9-4 S9-5 S10-1 S10-2 S10-3 S10-4 

1st 

problem 
MR MR MR MR MR MR MR MR MR 

2nd 

problem 
AR - CMR CMR AR AR CMR AR - 

3rd 

problem 
CMR MR CMR CMR AR CMR CMR CMR MR 

4th 

problem 
AR MR AR AR AR AR AR AR AR 

5th 

problem 
CMR - CMR CMR AR CMR CMR CMR - 

 

In the b subproblem of the second problem, while four students used AR, three students used CMR. In the 

second problem, S9-3 could not first understand the number of people per household in the problem being 3.6. 

This is a sign that the problem is out of routine for him. Then, when asked to calculate how many people were in 

the remaining 8 households, the following dialogue was with the researcher: 

S9-3: 3,6 multiplied (by 10), then it equals 36. 

The researcher: What does that number refer to?  

S9-3: The number of people in the apartment. Here 2, there 5, totally 7 people. How many left... 29 

people. Ah, there is a remainder. (tried to calculate a division) 
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The researcher: Well, what did you find? 

S9-3: There are 29 people in the 8 houses. Let me delete this, this was unnecessary (noticing his 

mistake, he erased the division operation) Done. 

S9-3 made a reasonable and mathematically founded beginning and attempted to use average algorithm 

afterward. However, he then realized his mistake and corrected. The reasoning type of the student was 

considered as CMR.  

In the third problem, students mostly used CMR. Apart from them, the two of the other three used MR, one 

used the AR. For example, S9-5 had difficulties to appoint the students in the team and did not do any 

calculation for a while. When asked how he could calculate this, he chose three people for the basketball team 

and obtained 420 by adding their heights. After, the student wrote ―410/3‖ then, asked ―The average of all these 

students, isn‘t it? The three of them?‖ S9-5 tried to use the average algorithm, nevertheless, he did not make a 

proper decision for a solution. He could not decide which students to choose for the team. His solution and the 

decisions in the process demonstrated the use of AR.  

Whilst a student used MR in the fourth problem, the other used AR. S9-2 who did MR, said the following 

when calculating the average: 

S9-2: Is it (the solution) something around 17,5? 

The researcher: Can you tell me how did you do it? 

S9-2: This, something between these. (pointing to the numbers 15 and 20 on the horizontal axis of 

the graph) 

In this case, the student focused on the four columns standing side by side on the graph and their positions. 

He believes that the value in the middle of the four columns is average. He acted upon his memorized knowledge 

based on the idea that the average is in the middle, did not make any calculations or produce a new argument.  

In the fifth problem, all the students found the problem unusual. Whereas two of the students could not reach 

any solution, all the students who used CMR reached the correct result by measuring sticks repetitively or adding 

them end to end and they offered reasonable mathematically founded arguments. S9-4 who used creative CMR 

lined the sticks end to end and said: ―It will be divided by 3, so that we need to find a stick which is one-third of 

this (total length).‖ S9-4 said, ―We cannot be sure (of the answer)‖ at first but immediately after said: ―We can 

actually be.‖. The student reached the correct answer by making triple measurements with the black, blue and 

red sticks given. His initial hesitation demonstrates the novelty of the situation.  

In the fifth problem, S9-5 estimated the lengths in order to use the algorithm he recalled and tried to find a 

solution by adding and dividing these estimated lengths. This student wrote ―7,5+4+3=13,5‖ on paper to solve 

the problem. Thereafter, the dialogue between the student and the researcher was as follows: 

The researcher: What are you adding? 

S9-5: The measures. 

The researcher: How did you measure? 

S9-5: The two seems … cm to me (implying his guess) (He did some calculations to solve and 

chose the red stick.) 

The researcher: Why? 

S9-5: Because it seems 4 cm to me. The average is 4 cm, too. The nearest value is the red one. If 

this is 4, then the red is probably 4,5.) 

It was seen that the students was relying on the average algorithm even if there was no lengths given. As a 

result, this problem was coded as AR for S9-5. 

To address the relation between students‘ understanding of average and their reasoning types, the data were 

analyzed further. It was seen that majority of students were not able to answer most of the problems.  Therefore, 

it was observed that students generally failed to solve problems. Besides, in solutions where CMR was used, 

students generally also had the idea of representativeness. It has been observed that students' lack of prior 

knowledge is a preventive factor both in reasoning processes and in understanding the average concept. 

4. Conclusion and Discussion  

In this study, it was observed that students mostly considered average as mathematical point of balance. 

While two students (S9-3 and S9-4) understood the average as the mathematical balance point in most problems, 

there were four more students who had this understanding as well. Besides, average as reasonable and as 

algorithm approaches were also seen. Conspicuously, only one student (S9-3) considered average as 

mathematical point of balance in all problems and was the only one student who answered all the problems 

correctly. The 9
th
 and 10

th
 grade students in the study group learned the themes related to the average concept in 

secondary school and in the 9
th

 grade. Therefore, students are expected to have fully acquired the concept of 



Ö. Engin, A. Pusmaz 

 196 

average at this grade level. However, the majority of students were able to answer half or less of the given 

problems. This shows their lack of knowledge on the average concept.  

According to Mokros and Russel (1995), it is necessary to perceive the understanding of average and its 

different meanings in the form of median and mode in order to form an opinion about its representativeness of 

the data. Whereas students who rely on the mode and algorithm are not aware that the average as being 

representative of the data set as a whole; students with reasonable, middle point, mathematical point of balance 

approaches realize its representativeness of the data set (Mokros & Russel, 1995).  

S9-3 solving all the problems correctly, considered average as balance, S9-4 solving four problems correctly 

considered average as reasonable and balance. It can be deduced that these two students are better at 

apprehending the role of average of being representative of the data. Other students used average as mode and/or 

algorithm in particular problems. This may indicate most of the students could not construct the 

representativeness of the average yet, or they are on constructing process. A similar situation has been observed 

in pre-secondary students (Toluk-Uçar & Akdoğan, 2009). This may indicate that students retain the information 

they conceptualized in their secondary school years, also during their high school years. Since the time devoted 

to the concept of average and the way subjects are taught while studying topics at high school level assumes that 

students have learned the subject in secondary school, the problems that exist in secondary school seem to be 

continued in high school. 

As a result of this research, it was revealed that students mostly consider average as mathematical point of 

balance. In some studies, it has been concluded that the students mostly consider average as algorithm (Enisoğlu 

& Işıksal-Bostan, 2017; Mokros & Russel,1995; Toluk- Uçar & Akdoğan, 2009). The possible reason of this 

difference in results is aforementioned studies were conducted with primary school students even though this 

study was conducted with 9
th
 and 10

th
 grade students. Because the understanding of the representativeness of 

average increases as the grade level increases (Mokros & Russel, 1995; Toluk- Uçar & Akdoğan, 2009). 

Nonetheless, students predominantly considered average as algorithm after mathematical point of balance and 

reasonable.  

The examples students gave for the first problem were usually about the algorithm they used in calculating 

their grade point averages. Cai (1998) stated that students generally tend to use the add-and-divide algorithm in 

problem solving, but most of them fail to implement the algorithm. This study revealed that students mostly 

think that the values in a data group should be close to the average. Students who think that the values might be 

far from the average, and that if a value is far from the average, there may be another value that balances it, were 

better at taking flexible and successful approaches to problem solving. It is an expected result that students with 

mathematical point of balance approach are better than the students with algorithmic approach in working on the 

problem more flexible due to recognizing the representativeness of average of the data (Mokros & Russel, 1995).  

Another obstacle that limits students‘ understandings of average is their deficiencies with the prior 

knowledge such as reading the chart incorrectly. Especially, in the fourth problem, owing to their lack of 

knowledge in interpreting graphs, students had difficulties to interpret the data and used the data incorrectly. 

Students‘ difficulties in interpreting the graphs in Turkey is known (Toluk-Uçar & Akdoğan, 2009; Güler, 2013). 

Moreover, in both fourth and fifth problems, students concluded that other data should be larger than the average 

when they obtained the remainder result during the division operation in the average algorithm. This is a 

situation that is caused by their misuse of a fact they remember from the division algorithm, in other words, they 

show the lack of math preliminary information and limit them when interpreting the mean. The insufficient level 

of readiness of secondary school students is one of the main reasons for having difficulties in mathematics 

lessons (Dane, Kudu, & Balkı, 2009; Gürbüz, Toprak, Yapıcı, & Doğan, 2011).  

Students‘ dispositions of making similar interpretations on the same problems may indicate that the context 

of the problem led them to think alike. The probable reason for this may be that students do not have the prior 

knowledge of mathematics required by the context of the problem, rather than being unfamiliar to problems in 

different contexts. For instance, in the fifth problem which has different context but does not require prior 

arithmetic knowledge, students tended to apply solutions reflecting the understanding of balance, and they 

solved it correctly. Besides, in a larger extent, students had other approaches reflecting their apprehension of 

average as being representative of the data rather than considering it as mode or algorithm. Hence, one of the 

distinctive results of this study is, even if the understanding of average is on a higher level, lack of prior 

mathematical knowledge hinders students from solving the problems correctly.  

When the types of reasoning students used in problem solving were examined, it was seen that they used 

different types of reasoning in different problems. AR was used the most, but some students were unable to 

reason and did not want to solve the problem. Students S9-3 and S9-4 with the most correct answers used CMR 

most, in other words students using CMR mostly were the most successful problem-solvers. 
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The mathematical structure of students‘ arguments in problem solving shapes their reasoning types. While it 

is possible for the student to reach the answer to a routine problem by applying certain algorithms, it is necessary 

to develop different perspectives in a non-routine problem. Boesen, Lithner, and Palm (2010) state that students 

use IR when they encounter familiar problems usually by recalling algorithms and formulas. In the first problem, 

all the students used MR because this problem only requires recalling the information they had learned before, 

and it was a routine, verbal problem. Third and the proceeding problems were non-routine for the students. The 

type of reasoning used in the third and fifth problems was mostly CMR. In the fourth problem students applied 

AR and most of them answered incorrectly. The main reason of this is the deficiencies in their conceptual 

knowledge such as interpreting the change in the average. The fact that lack of conceptual information 

negatively affects mathematical reasoning processes is a situation encountered in the literature (Bergqvist et al., 

2003; Umay & Kaf, 2005; Yeşildere & Türnüklü, 2007).  

Twelve of the fifteen solutions which CMR was used as a reasoning type, led students to the correct answer. 

Only four of the other reasoning types led them to correct answers. This shows us that CMR is effective in 

reaching the right answer. Furthermore, twelve of these fifteen solutions which CMR was used, students 

considered average as mathematical point of balance, one of them as middle point, and two of them as algorithm. 

Mokros and Russel (1995) explained that students who consider average as reasonable, middle point and 

mathematical point of balance understand the representativeness of average. The results show that in cases where 

reasoning is high, that is, in solutions where CMR is used, students generally also have the idea of 

representativeness.  

Besides, AR was used in nine of the student solutions approaching the average as an algorithm and CMR was 

used in two of them. This signifies students interpreting average as implementing add-and-divide procedure tend 

to use AR, that is, they tend to recall certain calculation rules in order, depending on the problem type. 

Moreover, students making AR mostly could not reach a correct answer and they did not tend to change their 

solution strategies. This is possibly because of the difficulties in understanding the problem and not recognizing 

whether their strategy is appropriate or not. Bergqvist, Lithner, and Sumpter (2008) stated that high school 

students who have similar traits with this study generally use AR in problem solving and when they cannot a 

reach an answer, they barely focus on why the algorithm did not work or whether it can be altered according to 

the problem. 

Students‘ understandings of average and their reasoning types were centered on several categories as 

mentioned above. This demonstrates the type of problem influence the reasoning process. Boesen et al. (2010) 

also stated students‘ reasoning types depend on the reasoning type required by the given task. Therefore, 

students may need to be introduced to different types of problems at the appropriate time and sequence in order 

to improve their reasoning. 

Two students did not answer some problems. Nevertheless, it can be inferred from the first problem that they 

at least know the average algorithm. However, they did not attempt to solve the problem and did not develop any 

novel point of view. Umay and Kaf (2005) reported that students are nervous and unsuccessful in using 

reasoning in unfamiliar problems and that it is necessary to introduce non-routine problems at schools. Jonsson, 

Norqvist, Liljekvist, and Lithner (2014) stated CMR is favored to improve students‘ reasoning skills and offered 

to create learning environments that lead students to think in different situations. The crucial point is not to put 

overwhelming barriers while encouraging them to learn. These learning environments should give students 

opportunities to express and discuss their ideas (Bergqvist & Lithner, 2012).  

As a result, more research is needed to understand the thinking processes related to the average concept of 

students. It seems that courses that focus on algorithmic processes do not help to fully understand this concept. It 

is important to create suitable learning environments for students who do not fully understand the power of the 

average to represent the data and understand average as mode or algorithm. Also, in such a learning 

environment, it may be beneficial to use daily life problems instead of fictional questions and to effectively 

address mathematical reasoning in solving them. Researches to be conducted in learning environments designed 

in this way may allow us to understand the changes in students' understanding of the power of the average to 

represent the data as well as their reasoning process. 
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Appendix. Average test 

1.  a) Have you ever heard of the word "average" before? Where did you hear? What do you think it means? 

b) "According to a study, there are an average of 32 students per class in Turkey." What do you think the 

word ―average‖ means in this sentence? 

c) How do you think this average (32 students per class) was obtained (calculated)? Can you give an example 

of how many people can be in some classes? Can you show how the researchers might have calculated the 

average from this?  

2. Let's say you read a news article saying "According to TurkStat 2014 data, Turkey household size (number 

of people per household) is 3.6."  

a) What does this sentence mean? Is it correct to express the number of people with a decimal number like 

3.6, not a natural number like 1, 2, 3? 

b) Suppose that the average person per household in a 10 house apartment is 3.6. If there are 2 people in 3rd 

household and 5 people in 5th household, how many people are there in the remaining 8 households? 

3. When creating a team for a sports match, the following rules must be followed: 

a) The average height of the team must be between 138 and 145 cm. 

b) 3 people must be selected to the team. 

Student Ayça Burak Ceren Demet Fırat 

Height (cm) 140 150 130 120 180 

 

4. Murat notices that there are different numbers of candies in each of the sugar packs he is buying from the 

store. He decides to count how many sugar there are in the packages and decides to count. To do this, he buys a 

number of sugar packages from the store and counts the candies in each pack, creating the chart below (Figure 

1). 

 
Figure 1. Chart of the number of sugars in the packs 

a) What is the average of the number of sugar in the packages he bought? 

b) What does the result you found mean? 

c) Murat draws another column in one of the spaces in the chart, saying that the average increases when he 

opens 1 more package. Where could he draw this column? 
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5. Three sticks 3 cm, 5 cm and 13 cm in length were placed in front of the student as in Figure 2. In addition

to these three sticks, four of each of red labeled sticks of 6 cm, blue labeled sticks of 7 cm and black labeled 

sticks of 8 cm were provided. The students were not informed about the length of any of these sticks, and they 

were asked to use the colored sticks as they wish, and the following question was asked: "Which of these three 

kind of sticks is the average of the length of these three sticks?" 

Figure 2. Sticks used in the 5th question of the research 




